Coherent categorification of quantum loop algebras : the $SL(2)$ case by Shan, Peng et al.
ar
X
iv
:1
91
2.
03
32
5v
1 
 [m
ath
.R
T]
  6
 D
ec
 20
19
COHERENT CATEGORIFICATION OF QUANTUM LOOP ALGEBRAS :
THE SLp2q CASE
P. SHAN1, M. VARAGNOLO2, AND E. VASSEROT3
Abstract. We construct an equivalence of graded Abelian categories from a category of
representations of the quiver-Hecke algebra of type A
p1q
1 to the category of equivariant
perverse coherent sheaves on the nilpotent cone of type A. We prove that this equivalence is
weakly monoidal. This gives a representation-theoretic categorification of the preprojective
K-theoretic Hall algebra considered by Schiffmann-Vasserot. Using this categorification, we
compare the monoidal categorification of the quantum open unipotent cells of type A
p1q
1
given by Kang-Kashiwara-Kim-Oh-Park in terms of quiver-Hecke algebras with the one
given by Cautis-Williams in terms of equivariant perverse coherent sheaves on the affine
Grassmannians.
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1. Introduction
1.1. Main results of the paper. Let Q “ pI,Ωq be a quiver of Kac-Moody type. For
each dimension vector β, let Xβ be the variety of all β-dimensional representations of the
path algebra of Q and Xβ be the corresponding moduli stack. Lusztig introduced a graded
additive subcategory CpXβq of the bounded constructible derived category D
bpXβq whose
split Grothendieck group is isomorphic to the β-weight subspace of the quantum unipotent
enveloping algebra Uqpnq of type Q. Then, Khovanov-Lauda and Rouquier showed that
Uqpnq is the Grothendieck group of the monoidal category of all projective graded modules
over the quiver-Hecke algebra R of Q. According to Rouquier and Varagnolo-Vasserot,
this isomorphism lifts to an equivalence of additive graded monoidal categories betweenÀ
β CpXβq, equipped with Lusztig’s geometric induction bifunctor and the grading given by
the cohomological shift, and the category Cproj of all finitely generated graded projective R-
modules, equipped with the algebraic induction bifunctor ˝. Further, the quantum unipotent
coordinate algebra Aqpnq of Q is isomorphic to the Grothendieck group of the monoidal
category of all finite dimensional graded modules over R, in such a way that the irreducible
self-dual graded R-modules are identified with the dual canonical basis elements in Aqpnq.
Now, let us assume that the quiver Q is of type A
p1q
1 . The graded category C of all finitely
generated graded R-modules is affine properly stratified. The simple self-dual modules are
labelled by Kostant partitions of a dimension vector β “ nα1 ` mα0 of Q, for some non-
negative integers n, m. There is a monoidal structure on C given by the algebraic induction
bifunctor ˝. Let D be the full graded subcategory of C consisting of all objects whose
composition factors are graded shifts of the simple self-dual modules labelled by the Kostant
partitions supported on the set of all real positive roots of Q of the form α0`nδ with n P N.
It is a graded monoidal subcategory of C which is polynomial highest weight.
For any integer r ě 0, the Lie algebra glr carries the adjoint action of GLr and a Gm-
action by dilation. Write GLcr “ GLr ˆGm and consider the quotient stack rglr{GL
c
rs. Let
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DbCohprglr{GL
c
rsq be the bounded derived category of all GL
c
r-equivariant finitely generated
graded Spgl˚r x´2yq-modules, where x‚y is the grading shift functor. Let D
bCohprg{GcsqΛ` be
the graded triangulated subcategory of the direct sum
DbCohprg{Gcsq “
à
rPN
DbCohprglr{GL
c
rsq
generated by all objects of the form pV b Oglrqxay where V is a polynomial representation
of GLr and a is an arbitrary integer. There is a graded triangulated monoidal structure on
DbCohprg{GcsqΛ` given by the convolution bifunctor ˝.
In this paper, we study relations between (variants of) the category D and Gc-equivariant
coherent sheaves on g. In particular, we propose the following conjecture, see Conjecture
5.2.3 and Remark 6.3.4 below.
Conjecture A. There is an equivalence of triangulated graded monoidal categories
E : pDbpDq , ˝q Ñ pDbCohprg{GcsqΛ` , ˝
opq.
Our main result is a proof of a slightly modified version of this conjecture. To explain
this, let DbCohprN {GcsqΛ` denote the triangulated subcategory of D
bCohprg{GcsqΛ` con-
sisting of all complexes of coherent sheaves supported on the nilpotent cone of glr for some
r ě 0. This triangulated category is equipped with the perverse t-structure whose heart
is denoted by PCohprN {GcsqΛ` . The convolution yields a graded Abelian monoidal struc-
ture on PCohprN {GcsqΛ` . Our main theorem, Theorem 6.3.2, is the following analogue of
Conjecture A.
Theorem B. There is a graded Abelian and Artinian monoidal subcategory D7 of D con-
taining all simple objects, with an equivalence of graded Abelian categories
E7 : D7 Ñ PCohprN {GcsqΛ` .
Moreover, both categories D7 and PCohprg{GcsqΛ` are graded stratified, and we prove
that the equivalence E7 respects these structures. In particular it takes proper standard
modules to proper standard ones. Note that the proper standard modules are monomials
in the simple ones, this statement can be viewed as a weak form of the monoidality of the
functor E7, see Remark 6.3.4. To keep this paper in a reasonable length, we do not prove
here that E7 is a monoidal equivalence
pD7 , ˝q Ñ pPCohprN {GcsqΛ` , ˝
opq.
This is stated as Conjecture 6.3.3. We will prove it in a sequel paper [43].
The proof of Theorem B consists of constructing a chain of graded triangulated equiva-
lences
DperfpD 7q
A7 // DbµpGr
`
Λ`
, Sq
B7 // DbµpGr
´
Λ`
, Sq
C7 // DperfCohprN {GcsqΛ` ,
and then checking the t-exactness. Here, the two categories in the middle are some mixed
categories on think/thin affine Grassmannians, the functor A7 is given by the composition of
some localization of quiver-Hecke algebras and the tilting equivalence between the module
category of the Kronecker quiver and coherent sheaves on P1. The functor B7 is a Radon
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transform. The functor C7 is the derived geometric Satake equivalence. Both A7 and B7 use
mixed geometry.
One of our motivations comes from the recent work of Cautis-Williams [16]. To explain
the link, let UqpnqΛ` be the subalgebra of the quantum unipotent enveloping algebra Uqpnq
generated by the root vectors whose weights are of the form α0 ` nδ for some integer n ě 0.
The theorem of Khovanov-Lauda and Rouquier implies that the split Grothendieck group
K0pD
projq is isomorphic to UqpnqΛ` . There is a perfect pairing between K0pD
projq and
G0pD
7q. Hence, there is a ring isomorphism between G0pD
7q and the quantum unipotent
coordinate algebra AqpnqΛ` of UqpnqΛ` . Now, given a positive integer N , let Aqpn
wq be the
quantum open unipotent cell of type Q associated with the element w “ ps0s1q
N in the Weyl
group of Q. This quantum open unipotent cell is a localization of the quantum unipotent
coordinate subalgebra Aqpnpwqq of AqpnqΛ` . It admits a quantum cluster algebra structure.
Cautis-Williams proved that the category of GLN pOq ˙ Gm-equivariant perverse coherent
sheaves PCohprGr{GcN pOqsq on the affine Grassmanian of GLN , with the monoidal structure
given by the convolution product, is a monoidal categorification of Aqpn
wq.
In [22], [24] a localization rCflw of a graded monoidal Serre subcategory of C is introduced. It
is proved there that rCflw is also a monoidal categorification Aqpnwq. It is natural to compare it
with the monoidal categorification of Cautis-Williams. To do that we introduce a localizationrD7w of a Serre subcategory D7w of D7 by mimicking the construction in [24]. The equivalence
E7 yields a faithful graded exact functorrΨw : rD7w Ñ PCohprGr{GcN pOqsq
which induces an isomorphism of Grothendieck groups G0p rD7wq “ G0pPCohprGr{GcN pOqsqq.
Our Conjecture 6.4.2 is the following.
Conjecture C. The functor rΨw is a graded monoidal equivalence of categories.
1.2. Background and perspectives. Let ΠQ be the preprojective algebra of the quiver Q.
A geometric construction of affine quantum groups is given by the K-theoretic Hall algebra
of the category of ΠQ-modules considered by Schiffmann-Vasserot. There, the category of
constructible sheaves on the moduli stack of representations of Q is replaced by the category
of coherent sheaves on the derived moduli stack of representations of the preprojective alge-
bra. Our goal is to compare this category of coherent sheaves with a module category of the
quiver-Hecke algebra of affine type Qp1q when Q is of finite type.
The stack Xβ is the quotient of the variety Xβ by a linear group Gβ . The group G
c
β “
GβˆGm acts on T
˚Xβ so that Gm has weight 1. The Gβ-action is Hamiltonian. The moment
map µβ : T
˚Xβ Ñ gβ is G
c
β-equivariant, with Gm of weight 2 on gβ. The cotangent dg-stack
of Xβ is the derived fiber product
T ˚X cβ “ rT
˚Xβ ˆ
R
gβ
t0u {Gcβ s.
The truncation of this dg-stack is the moduli stack Λcβ “ rµ
´1
β p0q {G
c
β s of β-dimensional
representations of ΠQ. Let dgQCohpT
˚Xβq be the category of all G
c
β-equivariant sheaves
of dg-modules over T ˚Xβ ˆ
R
gβ
t0u whose cohomology is a quasi-coherent sheaf over Λcβ. Let
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DpdgQCohpT ˚X cβqq be its derived category. Since the dg-stack T
˚X cβ is affine, this graded tri-
angulated category is the derived category of Gcβ-equivariant modules over a G
c
β-equivariant
dg-algebra which can be described as follows.
Recall that a Gcβ-equivariant dg-algebra is a Gβ-equivariant Z
2-graded algebra with a dif-
ferential of bi-degree p1, 0q satisfying the Leibniz rule. For each bi-degree pi, jq, we call i the
cohomological degree and j the internal degree. The corresponding grading shift functors are
denoted by r‚s and x‚y respectively. The internal degree is the weight of the Gm-action. For
any Z2-graded vector space V , let SpV q be the graded-symmetric algebra of V , i.e., the quo-
tient of the tensor algebra by the relations xby´p´1q|x| |y|ybx. Here |x| is the cohomological
degree an homogeneous element x. The graded triangulated category DpdgQCohpT ˚X cβqq is
equivalent to the derived category of all Gcβ-equivariant dg-modules over a G
c
β-equivariant
graded-commutative non-positively graded dg-algebra Cβ whose underlying Gβ-equivariant
Z2-graded algebra is SpT ˚Xβx1y ‘ g
˚
βr1sx2yq. To describe the differential on Cβ, we consider
the Z-graded Lie superalgebra
Lβ “ T
˚Xβr´1sx´1y ‘ gβr´2sx´2y,
whose bracket is the extension by 0 of the map
S2pT ˚Xβq Ñ gβ , ab b ÞÑ
ÿ
hPΩ
prah , bhops ` rbh , ahopsq.(1.1)
ThenCβ is the Chevalley-Eilenberg complex which computes the extension group Ext
‚
Lβ
pk , kq.
As a Z2-graded algebra we have
Cβ “ SpL
˚
βr´1sq “ SpT
˚Xβx1y ‘ g
˚
βr1sx2yq.
The differential is the unique derivation which vanishes on the subspace T ˚Xβ and is given
on g˚β by the map gβ Ñ S
2pT ˚Xβq dual to (1.1). Let DpdgCohpT
˚X cβqq denote the derived
category DpdgmodpCβ ¸G
c
βqq of all G
c
β-equivariant dg-modules of Cβ whose cohomology is
finitely generated over the graded algebra H‚pCβq. Note that H
‚pCβq is a finitely generated
nilpotent extension of H0pCβq, and that the latter is isomorphic to the function ring over
the variety µ´1β p0q.
Now, fix a triple of dimension vectors α, β, γ such that β “ α`γ. Fix a parabolic subgroup
P of Gβ with a Levi subgroup L isomorphic to Gα ˆGγ . A C-point of T
˚Xβ is the same as
a representation of the double quiver Q¯ “ pI , Ω¯q such that Ω¯ “ Ω\ Ωop. Let T ˚XP be the
subspace of all representations in T ˚Xβ which preserve a fixed flag of vector spaces of type
pα, γq whose stabilizer in G is P . One defines as above a P c-equivariant graded-commutative
dg-algebra structure on the symmetric graded-commutative algebra
CP “ SpT
˚XP x1y ‘ p
˚r1sx2yq.
The obvious projection and inclusion
T ˚XL ‘ l
˚ Ñ T ˚XP ‘ p
˚ , T ˚XG ‘ g
˚ Ñ T ˚XP ‘ p
˚
yield P c-equivariant dg-algebra homomorphisms q : CL Ñ CP and p : CG Ñ CP . Composing
the extension of scalars relative to q, the restriction of scalars relative to p, the restriction
from Lc to P c and the induction from P c to Gc, we get a triangulated functor
RGLĂP : DpdgCohpT
˚X cαqq ˆDpdgCohpT
˚X cγ qq Ñ DpdgCohpT
˚X cβqq
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which yields a triangulated graded monoidal structure ˝ on the category
DpdgCohpT ˚X cqq “
à
β
DpdgCohpT ˚X cβqq.
Let G0pdgCohpT
˚X cqq be the Grothendieck group of the graded triangulated category
DpdgCohpT ˚X cqq. It coincides with the Grothendieck group of the graded Abelian category
of coherent sheaves on the stack
Ů
β Λβ. We equip it with the multiplication given by the
monoidal structure ˝. This ring is the K-theoretic Hall algebra of the category of ΠQ-modules.
It was considered by Schiffmann-Vasserot in [45], [44] for a one vertex quiver Q. Then it
was generalized to several other settings, see [46] and the references there. Let UqpLnq be
the quantum enveloping algebra of the loop algebra of n. The following theorem holds. The
proof will be given elsewhere.
Theorem D. Assume that the quiver Q is of finite type. Then, there is a Zrq, q´1s-algebra
isomorphism G0pdgCohpT
˚X cqq “ UqpLnq.
The conjecture A is a lift of the isomorphism in Theorem D to a monoidal graded triangu-
lated equivalence between DpdgCohpT ˚X cqq and the derived category of a module category
of the quiver-Hecke algebra of affine type Qp1q for Q of type A1. Let us explain this in more
details. The general case will be considered elsewhere.
From now on, let us assume that the quiver Q “ A1. The dimension vector β is simply a
non-negative integer r. The group Gβ is GLr, the graded Lie superalgebra Lβ is gl
˚
r r´2sx´2y
with the zero bracket, and the dg-algebra Cβ is the exterior algebra Spglrr1sx2yq with the zero
differential. In particular DpdgCohpT ˚X cβqq is the triangulated category DpmodpSpglrr1sx2y¸
GLcrqq of all GL
c
r-equivariant finitely generated dg-modules over Spglrr1sx2yq. The derived
category DbCohprglr{GL
c
rsq is DpmodpSpgl
˚
r x´2yq¸GL
c
rqq, which is the same as the triangu-
lated category DpmodpSpgl˚r r´2sx´2yq ¸GL
c
rqq. So the Koszul duality yields an equivalence
DpdgCohpT ˚X cβqq Ñ D
bCohprglr{GL
c
rsq.
Thus, we must compare the triangulated category DbCohprglr{GL
c
rsq with a module category
of the quiver-Hecke algebra R of affine type Qp1q. Let Uqpn
p1qqΛ` be the current subalgebra
of UqpLnq. Theorem D implies that the Grothendieck group of the triangulated category
DbCohprg{GcsqΛ` is Uqpn
p1qqΛ` . On the other hand, the split Grothendieck group K0pD
projq
is isomorphic to Uqpn
p1qqΛ` . Thus, the Grothendieck group of the triangulated category
KbpDprojq is also isomorphic to Uqpn
p1qqΛ` . Since the category D has finite homological
dimension, we deduce that the Grothendieck group of the graded triangulated DbpDq is also
isomorphic to Uqpn
p1qqΛ` . Thus it is natural to compare the graded triangulated categories
DbpDq and DbCohprg{GcsqΛ` . This is precisely the Conjecture A above.
1.3. Relation to previous works. In [12], Bezrukavnikov proved that the realization of
the affine Hecke algebra of a reductive group, both as the Grothendieck group of a monoidal
category of equivariant coherent sheaves on the Steinberg variety a` la Ginzburg-Kazhdan-
Lusztig and as the Grothendieck group of a monoidal category of equivariant perverse sheaves
on the affine flag manifold of the Langlands dual group a` la Kazhdan-Lusztig, lifts to a graded
monoidal triangulated equivalence between corresponding derived categories. Here, we prove
that the realization of a positive piece of the quantum enveloping algebra of affine type A
p1q
1 ,
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both as the preprojective K-theoretic Hall algebra of the category of ΠQ-modules of type
A1 a` la Schiffmann-Vasserot and as the Grothendieck group of a category of semisimple
complexes on a quiver moduli stack of affine type A
p1q
1 a` la Lusztig (or rather its algebraic
equivalent description via quiver-Hecke algebras of type Qp1q) lifts to a graded monoidal
triangulated equivalence between the corresponding derived categories.
According to [33], the Langlands correspondence for P1 can be viewed as the composition
of a chain of equivalences
DbpBunq
F // DbpGr`q
B // DbpGr´q
C // DbpmodpSpg˚r´2sx´2yq ¸Gcqq
D

DbpCohpLocGqq D
bpmodpSpgr1sx2yq ¸Gcqq
where D is the Koszul duality mentioned above and F is the tilting equivalence in §4.2.
Thus, our equivalence can be viewed as a mixed non-equivariant version of the Langlands
correspondence for P1 and for the linear group.
1.4. Convention. We’ll say that a square of functors is commutative if it commutes up to
a natural isomorphism. For any algebraic group G or ring R, we denote by ZpGq, ZpRq the
centers of G and R. For any commutative ring k, let H‚G be the cohomology of the classifying
space of G with k-coefficients. Unless specified otherwise, all modules are left modules. We
refer to Appendix A for all conventions related to mixed geometry.
1.5. Acknowledgements. Initial stages of this work were partly based on discussions with
R. Rouquier. We would like to thank him for all these discussions. We are also grateful to
S. Riche and O. Schiffmann for answering various questions.
2. Quiver-Hecke algebras
Let k be a field which is algebraically closed of characteristic zero. Let F be any field.
2.1. Graded categories. A graded k-linear category C is a k-linear additive category with
a compatible system of self-equivalences xay, with a P Z, called grading shift functors. A
graded functor of graded k-linear additive categories is a k-linear functor E with a compatible
system of natural equivalences E xay Ñ xayE. All the additive categories we’ll consider here
are k-linear. To simplify, we’ll omit the word k-linear everywhere. A functor of additive
categories is assumed to be k-linear. If the category C is triangulated, as well as the graded
shift functors, then we’ll say that C is a graded triangulated category. A monoidal structure on
an additive category C is the datum of a bifunctor b : Cˆ C Ñ C, an associativity constraint
a and an object 1, called the unit, with an isomorphism ε : 1b1Ñ 1 satisfying the pentagon
axiom and such that the functors 1b‚ and ‚b1 are fully faithful, see, e.g., [21, App. A]. If all
functors involved in this definition are graded, we’ll say that pC,b,a,1, εq is a graded monoidal
category. If the category C is Abelian and the bifunctor b is exact, we says that the monoidal
category is exact. If the category C is triangulated and the bifunctorb is triangulated, we says
that the monoidal category is triangulated. If b, 1, a or ε are obvious from the context, we
may omit them and we write simply pC,bq or C. A monoidal functor of monoidal categories
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is a functor E with a natural isomorphism of bifunctors Ep‚ b ‚q Ñ Ep‚q b Ep‚q and an
isomorphism Ep1q Ñ 1 satisfying some well-known axioms.
For any objects A,B P C, the graded-homomorphisms space is the graded vector space
HomCpA,Bq “
à
aPZ
HomCpA,Bxayqx´ay.
A projective object P of a graded k-linear Abelian category C is called a projective graded-
generator if any object of C is a quotient of a finite sum of P xay’s with a P Z. We’ll also say
that C is graded-generated by P . Then, the functor M ÞÑ HomCpP , Mq is an equivalence
from C to the graded category of all finitely generated graded modules over the graded
k-algebra Rop opposite to R “ EndCpP q, see, e.g., [6, prop. E.4].
Let Cfl, Cproj be the full graded subcategories of C consisting of all finite length objects
and all projective objects. Let G0pC
flq and K0pC
projq be the Grothendieck group and the
split Grothendieck group of the Abelian category Cfl and the additive category Cproj. For
each object M , let pM q be its class in the Grothendieck group. The ring A “ Zrq, q´1s acts
on G0pC
flq, K0pC
projq with q “ x1y.
Example 2.1.1.
paq Given a graded Noetherian k-algebra R, let C “ R-mod be the category of all finitely
generated graded R-modules. Both are equipped with the grading shift functors xay
such that pMx1yqa “ Ma`1 for each integer a. We’ll abbreviate D
bpRq “ DbpR-modq
and KbpRq “ KbpR-modq.
pbq Let KbpCq be the bounded homotopy category of a graded additive category C with
grading shift functor x‚y. The category KbpCq is graded triangulated with the grading
shift functor given by x‚y. Let r‚s be the cohomological shift functor. Recall that
HomKbpCqpA,Bq “
à
aPZ
HomKbpCqpA,Bxayqx´ay.
We write
Hom‚KbpCqpA,Bq “
à
aPZ
HomaKbpCqpA,Bqr´as , Hom
a
KbpCqpA,Bq “ HomKbpCqpA,Brasq.
pcq Let DbpCq be the bounded derived category of a graded Abelian category C with grading
shift functor x‚y. The category DbpCq is graded triangulated with the grading shift
functor given by x‚y. We define Hom‚
DbpCq
pA,Bq and Homa
DbpCq
pA,Bq as in (b). Let
C “ R-mod be as in (a). A complex of graded R-modules is perfect if it is quasi-
isomorphic to a bounded complex of finitely generated projective graded R-modules.
The category of perfect complexes is the full graded triangulated subcategory of DbpCq
given by DperfpCq “ KbpCprojq.
2.2. Polynomial highest weight and affine properly stratified categories. Let C be
a graded k-linear Abelian category with a finite set tLpπq ; π P KPu of simple objects which
is complete and irredundant up to isomorphisms and grading shifts. We’ll assume that
C “ R-mod, where R is a Schurian Noetherian Laurentian graded algebra as in [30, §2.1].
Hence, each simple object Lpπq admits a projective cover P pπq Ñ Lpπq with kernel Mpπq,
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and for any object M P C the composition multiplicity of Lpπq in M is the formal series in
Zppqqq given by rM : Lpπqs “ dimHomCpP pπq , Mq.
We assume that the set KP is equipped with a partial preorder ď, and with a map
ρ : KPÑ Π to a partial ordered set Π such that we have
π ď π1 ðñ ρpπq ď ρpπ1q.(2.1)
For each π P KP, we define the standard and proper standard objects ∆pπq and ∆¯pπq such
that ∆pπq is the largest quotient of P pπq such that all its composition factors Lpσq satisfy
σ ď π, and ∆¯pπq is the largest quotient of P pπq which has Lpπq with multiplicity 1 and such
that all its other composition factors Lpσq satisfy σ ă π. Let Kpπq be the kernel of the
surjection P pπq Ñ ∆pπq.
We say that an object M P C has a ∆-filtration if it has a separated filtration whose
subquotients are isomorphic to ∆pπqxay for some π P KP, a P Z. Let C∆ be the full
graded additive subcategory of C consisting of all ∆-filtered objects. For all ξ P Π we
write ∆pξq “
À
ρpπq“ξ ∆pπq.
Definition 2.2.1 ( [29]). The category C is
paq affine properly stratified if, for each π P KP, ξ P Π,
p1q Kpπq has a ∆-filtration with subquotients of the form ∆pσqxay for σ ą π and a P Z,
p2q ∆pξq is finitely generated and flat as a module over the algebra EndCp∆pξqq
op,
p3q EndCp∆pξqq
op is a finitely generated commutative graded k-algebra,
pbq polynomial highest weight if the map ρ is bijective and, for each π P KP,
p1q Kpπq has a ∆-filtration with subquotients of the form ∆pσqxay for σ ą π and a P Z,
p2q ∆pπq is finitely generated and free as a module over the algebra EndCp∆pπqq
op,
p3q EndCp∆pπqq
op is a graded polynomial k-algebra.
Since C is an affine properly stratified category with a finite number of isomorphism classes
of simple objects, it is graded equivalent to R-mod for some affine properly stratified algebra
R by [29, cor. 6.8]. Let Ipπq denote the injective hull of Lpπq in the category of all graded
R-modules (not necessarily finitely generated). We define ∇pπq to be the largest submodule
of Ipπq such that all its composition factors Lpσq satisfy σ ď π, and ∇¯pπq to be the largest
submodule of Ipπq which has Lpπq with multiplicity 1 and such that all its other composition
factors Lpσq satisfy σ ă π. The objects ∇pπq and ∇¯pπq are called the costandard and the
proper costandard objects. Note that ∇pπq does not necessarily belong to C in general.
For each subset Γ Ă KP, let CΓ Ă C be the full subcategory of all objects whose composition
factors are isomorphic to graded shifts of simple objects Lpσq with σ P Γ. Let
pfΓq˚ : CΓ Ñ C , pfΓq
˚ : C Ñ CΓ
be the obvious full embedding and its left adjoint. The functor pfΓq
˚ sends projectives to
projectives because pfΓq˚ is exact. For each object M we have pfΓq
˚pMq “ M { oΓpMq,
where oΓpMq is the minimal subobject N ĂM such that M{N P CΓ. We have the following
exact functors between derived categories
pfΓq˚ : D
bpCΓq Ñ D
bpCq , LpfΓq
˚ : D´pCq Ñ D´pCΓq.
We say that Γ is an order ideal (resp. order coideal) if for each σ P Γ, π P KP we have
σ ě π ùñ π P Γ presp. σ ď π ùñ π P Γq.
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If Γ is a finite order ideal, then the following hold [29, lem. 7.18 , prop. 7.20]
paq pfΓq˚ : D
bpCΓq Ñ D
bpCq is fully faithful,
pbq LpfΓq
˚M “ pfΓq
˚M if M P C∆,
pcq pfΓq
˚P pπq is a projective cover of Lpπq in CΓ if π P Γ,
pdq ∆pπq “ pfΓq˚pfΓq
˚P pπq if Γ “ tďπu.
2.3. Kostant partitions. Let Q be a finite quiver associated with a Kac-Moody algebra of
affine type. Let I be the set of vertices and Ω the set of arrows. Let Φ be the root system
of Q. We identify I with a fixed set of simple roots tαi ; i P Iu in the obvious way. Let
tΛi ; i P Iu be the set of fundamental weights. Let Φ` Ă Φ the subset of positive roots
and Q` “
À
iPI Nαi. Let htpβq be the height of an element β of Q`. Fix 0 P I such that
tαi ; i P I , i ‰ 0u is the set of simple roots of a root system ∆ of finite type. Let δ P Φ` be
the null root. The set of real positive roots is Φre` “ Φ`´ \ Φ``, where
Φ`´ “ tβ ` nδ ; β P ∆` , n P Nu , Φ`` “ t´β ` nδ ; β P ∆` , n P Zą0u.
We fix a total convex preorder on the set Φ` such that for each i P Izt0u we have
paq αi ą αi ` δ ą αi ` 2δ ą ¨ ¨ ¨ ą Zą0 δ ą ¨ ¨ ¨ ą ´αi ` 2δ ą ´αi ` δ,
pbq mδ ą nδ for all m,n ą 0,
pcq each root in Φre` z tαi ` nδ , ´αi ` pn ` 1qδ ; n P Nu is either ą αi or ă ´αi ` δ.
For any subset X Ă Q` let X
β be the set of tuples of elements of X with sum β. A Kostant
partition of β is a decreasing tuple π “ pπ1 ě π2 ě ¨ ¨ ¨ ě πrq in Φ
β
`. We may also write
π “
`
pβlq
pl , . . . , pβ1q
p1 , pβ0q
p0
˘
, meaning that l is a positive integer and βl ą ¨ ¨ ¨ ą β1 ą β0
are positive roots counted with multiplicities pl, . . . , p1, p0 respectively. A Kostant partition
π is a root partition if the multiplicity of each decomposable affine positive root nδ, with
n ą 1, is zero. Let Πβ Ă KPβ be the sets of all root partitions and Kostant partitions of
β. Both sets are finite. There is a unique map ρ : KPβ Ñ Πβ such that the real positive
roots have the same multiplicities in π and ρpπq. We can view a Kostant partition π as
a pair pρpπq , µq where µ is a partition of the multiplicity of δ in ρpπq, then the map ρ is
just the projection on the first factor. The set Πβ of root partitions is equipped with the
bilexicographic partial order, such that
π ď π1 ðñ π ďl π
1 and π ěr π
1,(2.2)
where ďl and ďr are the left and right lexicographic orders. We equip KPβ with the par-
tial preorder defined as in (2.1) using the map ρ : KPβ Ñ Πβ. Let Sp be the symmet-
ric group. For any Kostant partition π “ ppβlq
pl , . . . , pβ1q
p1 , pβ0q
p0q we define the tuple
π¯ “ pplβl, . . . , p1β1, p0β0q in Q
β
`. Set
Sπ “ Spl ˆ ¨ ¨ ¨ ˆ Sp1 ˆ Sp0 , nπ “
lÿ
k“1
kpk , rπ “
lÿ
k“0
pk.(2.3)
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2.4. Quiver-Hecke algebras and their module categories. Let β be any element in Q`.
Let Rβ be the quiver-Hecke algebra over k associated with the category of β-dimensional
representations of the quiver Q. We choose the parameters of Rβ to be given by the family of
polynomials Qijpu, vq “ p´1q
hij pu´vq where hij “ 7tiÑ j P Ωu. Let b “ htpβq be the height
of β. The quiver-Hecke algebra Rβ is the associative, unital, graded k-algebra generated by a
complete set of orthogonal idempotents teν ; ν P I
βu and some elements xi, rk with i P r1, bs,
k P r1, b´ 1s, satisfying the following relations
paq xixj “ xjxi , xi eν “ eν xi , rk eν “ eskν rk , r
2
k eν “ Qνk,νk`1pxk, xk`1q eν ,
pbq prkxl ´ xskplqrkq eν “
$’&’%
´eν if l “ k, νk “ νk`1,
eν if l “ k ` 1, νk “ νk`1,
0 otherwise,
pcq prk`1rkrk`1 ´ rkrk`1rkq eν “
#
Qνk,νk`1 pxk,xk`1q´Qνk,νk`1pxk`2,xk`1q
xk´xk`2
eν if νk “ νk`2,
0 otherwise.
There is an antiautomorphism of Rβ which fixes all the generators.
Let Cβ “ Rβ-mod be the graded Abelian category of all finitely generated graded Rβ-
modules. For any tuple π “ pπ1, . . . , πrq in Q
β
` we set
Rπ “ Rπ1 b ¨ ¨ ¨ bRπr´1 bRπr , Cπ “ Rπ-mod .
There is an obvious inclusionRπ Ă Rβ. It yields an adjoint pair of exact induction/restriction
functors
Indπ : Cπ Ñ Cβ , Resπ : Cβ Ñ Cπ.(2.4)
If r “ 2 we abbreviate ˝ “ Indπ. By [30, cor. 6.24], the category Cβ is affine properly stratified.
The sets of proper standard objects t∆¯pπq ; π P KPβu and standard objects t∆pπq ; π P KPβu
are defined in [30, (6.5), (6.6)]. The map ρ : KPβ Ñ Πβ is as in §2.3. Let Lpπq be the top of
the module ∆¯pπq and P pπq its projective cover. For a future use, we fix an idempotent epπq
in Rβ such that
P pπq “ Rβ epπq.(2.5)
Assume temporarily that β P Φre` is real positive root. Then, by [40, §8,9], the graded module
Lpβq is the unique self-dual irreducible module in Cβ which is cuspidal, which means that
for each α, γ P Q` such that β “ α ` γ we have Resα,γpLpβqq “ 0 unless α ă β ă γ. The
partial order is such that α ă β if and only if α is a sum of positive roots ă β and β ă γ if
and only if γ is a sum of positive roots ą β. For each graded module M we write
Mxpy ! “
tà
s“1
Mxksy where
p´1ź
k“0
p1` q2 ` ¨ ¨ ¨ ` q2kq “ qk1 ` qk2 ` ¨ ¨ ¨ ` qkt.
For any integer p ą 0 and M P Cβ, we write M
˝p “ Indpβpq
`
Mbp
˘
. Then, we have
Lpβpq “ Lpβq˝pxppp´ 1q{2y.
Further, there is an indecomposable summand ∆pβqppq of ∆pβq˝p such that
∆pβq˝p “ ∆pβqppqxpy !.(2.6)
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By [30, (6.6)], [40, §10,§24], the standard and proper standard modules in Cβ are
∆pπq “ ∆pβlq
pplq ˝ ¨ ¨ ¨ ˝∆pβ0q
pp0q , ∆¯pπq “ Lpβ pll q ˝ ¨ ¨ ¨ ˝ Lpβ
p0
0 q.(2.7)
Now, let β be any element in Q`. Let Γβ Ă KPβ be the set of all Kostant partitions
supported on the set Φ`` and let Γ Ă KPβ be any order ideal. We abbreviate
DΓ “ pCβqΓ , Dβ “ DΓβ .
Let pfΓq
˚ be the left adjoint functor of the obvious exact full embedding pfΓq˚ : DΓ Ñ Cβ.
For any nested order ideal Γ1 Ă Γ contained in Γβ we define similarly the functor phΓ1,Γq˚ :
DΓ1 Ñ DΓ and its left adjoint phΓ1,Γq
˚. We abbreviate hΓ “ hΓ,Γβ . Let Qpπq be the projective
cover in Dβ of the simple graded module Lpπq. We have Qpπq “ pfΓβq
˚P pπq.
Proposition 2.4.1. Assume that Γ1 Ă Γ Ă Γβ are order ideals.
paq DΓ is polynomial highest weight with finite global dimension.
pbq pfΓq˚ : D
bpDΓq Ñ D
perfpCβq and phΓ1,Γq˚ : D
bpDΓ1q Ñ D
bpDΓq are fully faithful functors.
Proof. Since the category Cβ is affine properly stratified relatively to the map ρ, by [29,
prop. 5.16] the category DΓ is affine properly stratified relatively to restriction ρ|Γ of ρ to
the subset Γ, with the sets of proper standard and standard modules given by t∆¯pπq ; π P Γu
and t∆pπq ; π P Γu. The map ρ|Γ is the identity of Γ. By [30, thm. 6.14], to prove that the
category DΓ is polynomial highest weight, it is enough to check that EndCβ p∆pπqq is a graded
polynomial ring for each π P Γ. Let α P Φre` be any positive real root. There is a central
element of degree 2
zα “ x1 ` ¨ ¨ ¨ ` xhtpαq P ZpRαq(2.8)
such that the standard module ∆pαq is a free module over krzαs and the action yields an
isomorphism of graded rings, see [30, §6], [40, §15]
krzαs “ EndCαp∆pαqq(2.9)
By [40, thm. 24.1], the functoriality of induction and (2.9) yield a graded ring isomorphism
EndCβ p∆pαq
ppqq “ krz1, z2, . . . , zps
Sp .(2.10)
Thus, by (2.7), a short computation yields
EndCβ p∆pπqq » HomCp¯i
`
∆pβlq
pplq b ¨ ¨ ¨ b∆pβ1q
pp1q b∆pβ0q
pp0q , Resπ¯p∆pπqq
˘
» EndCp¯i
`
∆pβlq
pplq b ¨ ¨ ¨ b∆pβ1q
pp1q b∆pβ0q
pp0q
˘
» krz1, z2, . . . , zrpi s
Spi .
The first isomorphism is the adjunction, the second is [40, lem. 8.6], the third is (2.10). The
global dimension of DΓ is finite by [29, cor. 5.25], because the set KPβ is finite. This proves
part (a).
Since DΓ has a finite global dimension and any object of D
proj
Γ has a finite ∆-filtration, to
prove that pfΓq˚ maps into D
perfpCβq it is enough to observe that any standard module in
DΓ has a finite projective dimension in Cβ. By [29, lem. 5.17], this projective dimension is
less than 7KPβ, which is finite. Thus, part (b) follows from [29, prop. 7.20]. 
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2.5. Quiver-Hecke algebras and the moduli stack of representations of quivers.
Let ℓ be a prime number and k “ Qℓ. Let F be an algebraically closed field of characteristic
prime to ℓ. See §2 below for a reminder on Artin stacks and constructible sheaves on stacks.
Let β be any element in Q`. Let FQ be the path algebra of the quiver Q over F . Let
Xβ be the variety of all FQ-modules in an I-graded β-dimensional F -vector space V . It is
isomorphic to the affine space A
dβ
F for some dβ P N. Let Gβ be the group of all I-graded
F -linear automorphisms of V . The algebraic F -group Gβ acts on Xβ in the obvious way. The
moduli stack of β-dimensional representations of FQ is the quotient stack Xβ “ rXβ {Gβs
over F . It is a smooth stack of finite type.
For each tuple ν “ pν1, . . . , νrq in Q
β
` we fix a flag of I-graded vector F -spaces V “
V0 Ą ¨ ¨ ¨ Ą Vr´1 Ą Vr “ 0 in V such that dimpVk´1{Vkq “ νk for each k “ 1, 2, . . . , r. Let
XV‚ Ă Xβ be the set of all representations of FQ in V which preserve the flag V‚. The
stabilizer of the flag V‚ in Gβ is a parabolic subgroup PV‚ whose action preserves the subset
XV‚ of Xβ. Let rXν be the quotient stack. Set Xν “ Xν1 ˆ ¨ ¨ ¨ ˆ Xνr´1 ˆ Xνr . The stacks Xν ,rXν fit into an induction diagram
Xν rXνqνoo pν // Xβ .(2.11)
The map pν is representable and projective. The map qν is a vector bundle stack whose
fiber over the object pM1, . . . ,Mr´1,Mrq is isomorphic to the quotient stack, relatively to
the trivial action, “à
kăh
Ext1FQpMk,Mhq
L à
kăh
HomFQpMk,Mhq
‰
.(2.12)
See, e.g., [15, prop. 6.2] for a proof of this fact. We have the adjoint pair of functors [38, §9]
indν : D
bpXνq Ñ D
bpXβq , resν : D
bpXβq Ñ D
bpXνq(2.13)
which is given by
indνpEq “ ppνq!pqνq
˚pEqrdim qνs , @E P D
bpXνq.(2.14)
Since the induction is a shift of a proper direct image and a smooth inverse image, it commutes
with the Verdier duality functor D
Let Lβ be the sum of the complexes indνpkXν q where ν runs over the set I
β. It is self-dual,
semisimple, and it decomposes in the following way
Lβ “
à
πPKPβ
Lpπq , Lpπq “ V pπq b ICpπq.
The ICpπq’s are self-dual irreducible perverse sheaves which are pairwise non isomorphic.
The multiplicities V pπq’s are nonzero complexes of vector spaces with 0 differential. We
define the graded additive category CpXβq as the strictly full additive subcategory of D
bpXβq
generated by the direct summands of Lβ and all their cohomological shifts. The grading shift
functors x‚y on CpXβq are the cohomological shift functors r‚s. The Verdier duality yields
an antiautoequivalence D of CpXβq. Set
CpXνq “ CpXν1q ˆ ¨ ¨ ¨ ˆ CpXνr´1q ˆ CpXνrq.
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The functor indν maps the subcategory CpXνq of D
bpXνq to CpXβq. It equips the graded
addtitive category CpX q “
À
βPQ`
CpXβq with the structure of a graded monoidal category
pCpX q , fq.
By [49], there is a graded k-algebra isomorphism
Rβ “ End
‚
DbpXβq
pLβq
op.(2.15)
Under the Yoneda composition, for each complex E we view Hom‚
DbpXβq
pLβ, Eq as a graded
Rβ-module. This yields a graded functor of graded additive categories
Φ‚β : D
bpXβq Ñ Cβ , E ÞÑ Hom
‚
DbpXβq
pLβ , Eq(2.16)
such that for each ν P Iβ we have
Φ‚βpindνpkXν qq “ Rβ eνop , ν
op “ pνr, νr´1, . . . , ν1q.
The labelling of the simple summands ICpπq of Lβ is chosen such that we have
Φ‚βpICpπqq “ P pπq , @π P KPβ .(2.17)
By Remark A.3.6, the functor Φ‚β gives an equivalence of graded additive categories
CpXβq Ñ C
proj
β , ICpπq ÞÑ P pπq , @π P KPβ.(2.18)
A functor of additive categories yields a triangulated functor of the corresponding homotopy
categories. Thus (2.18) yields an equivalence of graded triangulated categories
Φ‚ : KbpCpXβqq Ñ D
perfpCβq
such that Φ‚βpindνpkXν qq “ Rνr ˝Rνr´1 ˝ ¨ ¨ ¨ ˝Rν1 . More generally, the following is easy to
prove.
Proposition 2.5.1. The graded functor Φ‚β extends to a graded functor of graded monoidal
categories pCpXβq,fq Ñ pC
proj
β , ˝
opq, i.e., there is an isomorphism of functors Φ‚β indν “
Φ‚νr ˝Φ
‚
νr´1
˝ ¨ ¨ ¨ ˝Φ‚ν1 . 
2.6. Relation with quantum groups. Let Uqpnq be the Lusztig A-form of the positive
half of the quantized enveloping algebra of type Q. Let Uqpnqβ be the β-weight subspace of
Uqpnq and Bβ its canonical basis. Let Aqpnqβ be the dual A-module of Uqpnqβ and B
˚
β its
dual canonical basis. We view Aqpnqβ as an A-submodule of UqpnqβbAQpqq via the Lusztig
pairing on Uqpnqβ . Set Aqpnq “
À
βPQ`
Aqpnqβ . By [49], for each β P Q` there is an A-linear
isomorphism g : K0pC
proj
β q Ñ Uqpnqβ which takes tpP pπqq ; π P KPβu to the canonical basis
Bβ . The transpose yields an isomorphism G0pC
fl
βq Ñ Aqpnqβ which takes tpLpπqq ; π P KPβu
to the dual canonical basis B˚β . Since any module in Cβ has a (maybe infinite) composition
series, this map extends to a Zppq´1qq-linear mappg : G0pCβq Ñ Aqpnqβ bA Zppq´1qq.
If β is a real positive root let Epβq be the root vector of weight β. The dual root vector is
Epβq˚ “ p1´ q´2qEpβq. By [40, thm. 18.2], we havepgp∆pβqq “ Epβq , pgpLpβqq “ Epβq˚.
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Next, there is a canonical Zrq, q´1s-algebra isomorphism f : K0pCpX qq Ñ Uqpnq such that
tf pICpπqq ; π P KPβu “ Bβ . Consider the following diagram
K0pCpXβqq
Φ‚
β //
f &&▼▼
▼▼
▼▼
▼▼
▼▼
▼
K0pC
proj
β q
g

  // G0pCβq
pg

Uqpnqβ
  // Aqpnqβ bA Zppq
´1qq
The right square commutes by definition. The left triangle commutes by Proposition 2.5.1,
because the quantum divided powers Epαiq
ppq with i “ 0, 1 and p ą 0 generate Uqpnq and
we have
f pkXpαi q “ Epαiq
ppq , gpP pαpi qq “ Epαiq
ppq , Φ‚pαipkXpαi q “ pP pα
p
i qq.
3. The Kronecker quiver Q
From now on, let Q be the Kronecker quiver. We have I “ t0, 1u and Ω “ tx, yu with
both arrows oriented from 1 to 0. We have δ “ α0 ` α1 and
Φ`´ “ tγn ; n P Nu , Φ`` “ tβn ; n P Nu , γn “ α1 ` nδ , βn “ α0 ` nδ.
We fix the total convex preorder on the set Φ` such that we have
γ0 ą γ1 ą γ2 ą ¨ ¨ ¨ ą Zą0 δ ą ¨ ¨ ¨ ą β2 ą β1 ą β0 , mδ ą nδ , @m,n ą 0.
Fix an element β in the set Q`` “ tnα1 `mα0 P Q` ; n,m,m´ n ě 0u. We write
β “ nα1 `mα0 “ rα0 ` nδ , r “ m´ n.(3.1)
We have dβ “ 2nm and Gβ “ GLn,F ˆ GLm,F . The set KPβ is equipped with the partial
order ď defined in (2.1), (2.2). Let Γβ be the order ideal consisting of all Kostant partitions
of β supported on the set Φ``. An element of Γβ is a decreasing sequence π in Φ`` of the
form π “ ppβlq
pl , . . . , pβ1q
p1 , pβ0q
p0q such that rπ “ r and nπ “ n.
3.1. The degeneration order for Q. The indecomposable FQ-modules are partitioned
into the preprojective, preinjective and regular modules. For each k P N, there is a unique
indecomposable preprojective Pk with dimension vector βk and an unique indecomposable
preinjective Ik with dimension vector γk. The regular indecomposables have dimension
pk ` 1qδ, and any such representation, denoted by Rk,z, is labelled by a point z P P
1pF q. It
is well-known that for any k ď h, we have
HomFQpPk , Phq » k
h´k`1 , HomFQpPh`1 , Pkq “ 0 , Ext
1
FQpPk , Phq “ 0.(3.2)
Any representation M P XβpF q is isomorphic to a representation of the form
M “
à
kě0
pIkq
‘ iM,k ‘
à
kě0
à
zPP1pF q
pRk,zq
‘ rM,k,z ‘
à
kě0
pPkq
‘ pM,k , pM,k , rM,k,z , iM,k P N.
(3.3)
Set rM,k “
ř
zPP1pF q rM,k,z for each k. We define the partitions
pM “ ppM,ě0 , pM,ě1 , . . . q , iM “ piM,ě0 , iM,ě1 , . . . q,
rM “ prM,ě0 , rM,ě1 , . . . q , rM,z “ prM,ě0,z , rM,ě1,z , . . . q.
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The rank of M is the integer ρM “ n ´ iM,ě0 “ m ´ pM,ě0, and its type is the Kostant
partition
π “
`
pγ0q
iM,0 , pγ1q
iM,1 , . . . , δ rM,0 , p2δqrM,1 , . . . , pβ1q
pM,1 , pβ0q
pM,0
˘
.
Note that π P Γβ if and only if iM “ rM “ H. For each partitions λ “ pλaq, µ “ pµaq and
integer s put
λ` s “ pλ1 ` s, λ2 ` s, . . . q , nλ “
ÿ
aě1
λa , λ Ĳ µðñ
bÿ
a“1
λa ď
bÿ
a“1
µa , @b.
Let YM Ă Xβ be the Gβ-orbit of M . Necessary and sufficient conditions for the inclusion of
orbits closures are given by Pokrzywa’s theorem, see, e.g., [17, thm. 3.1] for a more recent
formulation.
Proposition 3.1.1. For each M,N P XβpF q, we have
YN Ă Y¯M ðñ
$’&’%
pN ` ρN Ĳ pM ` ρM ,
rN,z ` iN,ě0 İ rM,z ` iM,ě0, @z P P
1pF q,
iN ` ρN Ĳ iM ` ρM .

To each Kostant partition π “ ppβlq
pl , . . . , pβ1q
p1 , pβ0q
p0q in Γβ we associate the preprojec-
tive FQ-module of type π given by Pπ “ pPlq
‘ pl ‘ ¨ ¨ ¨ ‘ pP1q
‘ p1 ‘ pP0q
‘ p0 . For any subset
Γ Ă Γβ let
YΓ “
ğ
πPΓ
YPpi , YΓ “ rYΓ {Gβs.
We’ll need the following locally closed inclusions
iΓ : YΓ Ñ Yβ , jβ : Yβ Ñ Xβ , jΓ “ jβ ˝ iΓ : YΓ Ñ Xβ.
Write MΓ “ pjΓq
˚Lβ and Mβ “MΓβ . We abbreviate iπ “ itπu, jπ “ jtπu and
Yβ “ YΓβ , Yβ “ YΓβ , Yπ “ Ytπu , Yπ “ Ytπu.
Proposition 3.1.2.
paq iΓ, jΓ are open for each order ideal Γ Ă Γβ.
pbq Yσ Ă Y¯π ùñ σ ě π for each π, σ P Γβ.
Proof. To prove (b), let π, σ P Γβ and M,N P XβpF q be of type π, σ. Then, we have
ρN “ ρM . By Proposition 3.1.1, we have YN Ă YM if and only if pN Ĳ pM . Fix an integer l
such that pM,ąl “ pN,ąl “ 0 and consider the partitions
λM “
`
lpM,l, . . . , 1pM,1 , 0pM,0
˘
, λN “
`
lpN,l , . . . , 1pN,1 , 0pN,0
˘
.
The partitions 1 ` λM , 1 ` λN are transpose of the partitions pM , pN . Note that we haveř
k pM,k “
ř
k pN,k. We deduce that
YN Ă YM ðñ λN İ λM ðñ λN ´ λM is a sum of positive roots ùñ σ ě π.
By (b), to prove (a) it is enough to check that the inclusion Yβ Ă Xβ is open. To do so,
note that a representation M P XβpF q is preprojective if and only if HomFQpR,Mq “ 0 for
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any regular representation R of dimension δ. Note also that HomFQpR,Mq is the fiber at
pR,Mq of the projection
tpφ,R,Mq ; φ P HomFQpR,Mq , R P Xδ , M P Xβu Ñ Xδ ˆXβ ,
and the left hand side is the set of closed points of a closed F -subset of Am`nF ˆXδ ˆ Xβ.
Chevalley’s semi-continuity theorem implies that the set of all pR,Mq such that HomFQpR,Mq “
0 is open. Since the moduli space of the regular representations of dimension δ is iso-
morphic to P1F , hence is projective, we deduce that the set of all M P XβpF q such that
HomFQpR,Mq “ 0 for any regular representation R of dimension δ is also open. 
Corollary 3.1.3. pjβq
˚Lpπq “ 0 unless π P Γβ, hence Mβ “
À
πPΓβ
pjβq
˚Lpπq.
Proof. For each root partition σ P Πβ, let Xσ “
Ť
M YM be the locally closed subset of Xβ
consisting of the union of the orbits of all representations M of type σ such that the regular
part of M is semisimple. By [36], each perverse sheaves in the set tICpπq ; π P KPβu is the
intermediate extension of a local system on a dense open subset of the stratum Xσ for some
root partition σ. Thus the corollary follows from Proposition 3.1.2(a). 
3.2. The category Dβ and the moduli stack of representations of Q. Let Γ be any
order ideal of Γβ. The additive category CpYΓq is generated by the summands of the complex
MΓ and their cohomological shifts. Passing to the homotopy categories, we get the graded
triangulated category DbµpYΓq “ K
bpCpYΓqq. The maps iΓ and jΓ are open inclusions. Thus,
we have the restriction functor piΓq
˚ : CpYβq Ñ CpYΓq which yields the graded triangulated
functor piΓq
˚ : DbµpYβq Ñ D
b
µpYΓq. For each element π P Γ, let ICpπqµ be the complex
pjβq
˚ICpπq in CpYβq viewed as an object of D
b
µpYβq. In §2.4 we have introduced graded
subcategories Dβ , DΓ of the graded module category Cβ and the graded triangulated functor
LphΓq
˚ : DbpDβq Ñ D
bpDΓq.
Proposition 3.2.1. Assume that Γ Ă Γβ is an order ideal.
paq There is an equivalence of graded triangulated categories A2Γ : D
bpDΓq Ñ D
b
µpYΓq such
that LphΓq
˚Qpπq ÞÑ piΓq
˚ICpπqµ for all π P Γ.
pbq There is a right adjoint triangulated functor piΓq˚ to piΓq
˚ yielding a commutative dia-
gram
DbpDβq
A2
β

LphΓq
˚
--
DbpDΓq
phΓq˚
mm
A2Γ

DbµpYβq
piΓq
˚
--
DbµpYΓq.
piΓq˚
mm
The proof of the proposition consists of checking that the graded k-algebra
SΓ “ End
‚
DbpYΓq
pMΓq(3.4)
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is the graded-endomorphism ring of a graded-projective generator of the category DΓ. We’ll
abbreviate Sβ “ SΓβ . To prove this, we introduce the following complexes in D
bpXβq
∇pkπq “ pjπq˚kπrdπs , ICpkπq “ pjπq!˚kπrdπs,
∆pkπq “ pjπq!kπrdπs , Qpkπq “ pjβq˚pjβq
˚ICpkπq,
where dπ “ dimYπ and kπ “ kYpi for each π P Γβ. We consider the composed functor
Ψ‚Γ “ Φ
‚
β pjΓq˚ : D
bpYΓq Ñ Cβ , E ÞÑ Hom
‚
DbpXβq
pLβ, pjΓq˚Eq “ Hom
‚
DbpYΓq
pMΓ, Eq.
Lemma 3.2.2. For each π P Γβ we have the following isomorphisms of graded Rβ-modules
paq Φ‚βpICpkπqq » P pπq,
pbq Φ‚βp∇pkπqq » ∆pπq,
pcq Φ‚βpQpkπqq » Qpπq.
Lemma 3.2.3. We have an equivalence of graded Abelian categories DΓ Ñ SΓ-mod. The
functor Ψ‚Γ gives an equivalence of graded additive categories CpYΓq Ñ D
proj
Γ such that
pjΓq
˚ICpπq ÞÑ pfΓq
˚P pπq for each π P Γ.
Proof of Proposition 3.2.1. Part (a) of the proposition follows from Proposition 2.4.1 and
Lemma 3.2.3, taking the homotopy categories. Applying Lemma 3.2.3 both to Γ and Γβ, we
get two functors A2Γ and A
2
β such that A
2
Γ LphΓq
˚ “ piΓq
˚A2β. We define piΓq˚ as the unique
functor such that the square in part (b) of the proposition commutes. 
Proof of Lemma 3.2.2. By [36, thm. 6.16], the complexes ICpkπq with π P Γβ belong to
the canonical basis for each β P Q`, i.e., there is a map Γβ Ñ KPβ, π ÞÑ π
5 such that
ICpkπq “ ICpπ
5q.
Step 1 : We prove paq, pbq in the case r “ 1.
Let r “ 1. Hence β is the positive root βn. Further, we have Γβ “ tpβqu and π ě pβq for
all π P KPβ. We abbreviate kβ “ kXβ . The stratum Ypβq is the open dense Gβ-orbit in Xβ,
and it coincides with the open subset Yβ. We deduce that kpβq “ kYβ and
∆pkpβqq “ pjβq!kpβqrdβs , ∇pkpβqq “ pjβq˚kpβqrdβs , ICpkpβqq “ kβrdβs.(3.5)
To prove (a) for r “ 1 we must check that pβq5 “ pβq.
Claim 3.2.4. If α, γ ‰ 0 and the condition α ă β ă γ does not hold, then the perverse sheaf
ICpkpβqqras is not a direct summand of ICpπq f ICpσq whenever π P KPγ , σ P KPα and
a P Z. 
Indeed, for each FQ-modules M P XαpF q, N P XγpF q with an exact sequence
0ÑM Ñ Pn Ñ N Ñ 0,
the module M is a sum of Pm’s for some integers m ă n because HomFQpQ,Pnq “ 0
whenever Q is preinjective or regular, and the module N is a sum of regular and preinjective
modules, because HomFQpPn , Pkq “ 0 for all k ă n by (3.2). Hence, we have α ă β ă γ.
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By Proposition 2.5.1, for all σ, π as above we have HomCβ pP pσq ˝ P pπq , Lppβq
5qq “ 0,
and, by adjunction, that
HomCαˆCγ pP pσq b P pπq , Resα,γ Lppβq
5q “ 0.
Thus we have Resα,γ Lppβq
5q “ 0, hence the module Lppβq5q is cuspidal, so it is Lpβq.
Now, we prove (b) for r “ 1. The obvious morphism of complexes ICpkpβqq Ñ ∇pkpβqq
yields an Rβ-module homomorphism
Φ‚βpICpkpβqqq Ñ Φ
‚
βp∇pkpβqqq.(3.6)
We have
Φ‚βpICpkpβqqq “ Φ
‚
βpkβrdβsq,
“ H‚GβpXβ , Lβqr´dβs,
“
`
V pβq bH‚GβpXβ , kq
˘
‘
à
π‰pβq
`
V pπq bH‚Gβ pXβ , ICpπq
˘
r´dβs,
(3.7)
and
Φ‚βp∇pkpβqqq “ H
‚
Gβ
pYβ , Mβqr´dβs “ V pβq bH
‚
Gβ
pYβ , kq.(3.8)
Under the isomorphisms (3.7) and (3.8) the map (3.6) is identified with the restriction
H‚GβpXβ , Lβq Ñ H
‚
Gβ
pYβ , Mβq. The restriction to Yβ gives also a map
H‚GβpXβ , kq Ñ H
‚
Gβ
pYβ , kq.(3.9)
Let Dβ be the diagonal copy of Gm in Gβ . It is the stabilizer of any point of Ypβq. Hence,
we have H‚GβpXβ , kq “ H
‚
Gβ
and H‚GβpYβ , kq “ H
‚
Dβ
. We deduce that the map (3.9) is
surjective, hence (3.6) is also surjective. So, to prove that Φ‚βp∇pkpβqqq “ ∆pβq it is enough
to check that
Ext1Cβ pΦ
‚
βp∇pkpβqqq, Lpπqq “ 0 , @π ď pβq,
or, equivalently, that Ext1Cβ pΦ
‚
βp∇pkpβqqq, Lpβqq “ 0. To do that, we apply the functor
HomCβ p‚, Lpβqq to the short exact sequence in Cβ given by
0 // Jpβq // P pβq
(3.6)
// Φ‚βp∇pkpβqqq
// 0 .
We must check that
HomCβ pJpβq, Lpβqq “ 0.(3.10)
Let H‚` be the kernel of the restriction map H
‚
Gβ
Ñ H‚Dβ . We have
Jpβq “
`
V pβq bH‚`
˘
‘
à
π‰pβq
`
V pπq bH‚GβpXβ , ICpπq
˘
r´dβs.
Since H0` “ 0, we do have (3.10) for degree reasons.
Step 2 : We prove pbq for any r.
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Fix a tuple π “ ppβ0q
p0 , . . . , pβl´1q
pl´1 , pβlq
plq in Qβ`. Taking the parts of π in the reverse
order we get a Kostant partition πop in Γβ. Consider the open subsets Xpπq Ă Xπ andrXpπq Ă rXπ given by
Xpπq “ pYpβ0qq
p0 ˆ ¨ ¨ ¨ ˆ pYpβlqq
pl , rXpπq “ q´1π pXpπqq.
Comparing (2.12) with the third equality in (3.2), we deduce that the restriction of the map
qπ to rXpπq is a gerbe with group the unipotent radical of Pπ. The second equality in (3.2)
implies that the restriction of the map pπ to rXpπq is a closed embedding with image Yπ.
In other words, any extension of Pl, . . .Pl,Pl´1, . . . ,P0 in that order (meaning that P0 is a
subobject and Pl a quotient object) is necessarily trivial, hence isomorphic to Pπ. Further,
the representation Pπ preserves a unique flag in V which is conjugate to V‚ under the action
of Gβ. Thus, for each k “ 0, . . . , l, we get
indppβkqpk q
`
∆pkpβkqq
bpk
˘
“ ∆pkppβkqpk qqxpky !,
indπ¯
`
∆pkppβ0qp0 qq b ¨ ¨ ¨ b∆pkppβl´1qpl´1 qq b∆pkppβlqpl qq
˘
“ ∆pkπq.
(3.11)
From (2.6), (2.7), (3.11), Proposition 2.5.1 and the isomorphism Φ‚βp∇pkpβkqqq » ∆pβkq
proved in Step 1 for each k P r0, ls, we deduce that Φ‚β
`
∇pkπqq “ ∆pπq, proving the part (b)
of the lemma for any r.
Step 3 : We prove paq for any r.
Step 2 implies that for each σ P Γβ we have
∆pσq “ Φ‚βp∇pkσqq “
à
πPKPβ
V pπq bH‚GβpYσ , pjσq
˚ICpπqq.
We must check that for all π P Γβ we have π
5 “ π. We have
r∆pσq : Lpπ5qs “ dim epπ5q∆pσq,
“ dim H‚Gβ pYσ , pjσq
˚ICpπ5qq,
“ dim H‚Gβ pYσ , pjσq
˚ICpkπqq,
“
#
0 if Yσ Ę Y¯π,
‰ 0 if σ “ π.
The first relation and Proposition 3.1.2(b) yield
r∆pπ5q : Lpπ5qs ‰ 0 ùñ Yπ5 Ď Y¯π ùñ π
5 ě π.
The second relation yields π ě π5. Hence, we have π “ π5 as wanted.
Step 4 : We construct a surjective Rβ-module homomorphism P pπq Ñ Φ
‚
βpQpkπqq.
We’ll need mixed analogues of the complexes above. Let Xβ,0 be the variety of all β-
dimensional representations of the path algebra F0Q. The linear algebraic F0-group Gβ,0
acts on Xβ,0 and we can consider the quotient F0-stack Xβ,0 “ rXβ,0 {Gβ,0s. Since the group
Gβ is connected, by Lang’s theorem we have Xβ “ Xβ,0bF0F.We consider the mixed complex
ICpπqm “ ICpkπqm “ pjπq!˚kπxdπy.
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It is pure of weight 0. We abbreviate Em “ pjβq˚pjβq
˚ICpπqm. The complex E “ ωpEmq is
Qpkπq. The adjunction yields a canonical map ICpπqm Ñ Em, hence by functoriality a map
Φ‚βpICpπqq Ñ Φ
‚
βpEq.(3.12)
Claim 3.2.5. There is a distinguished triangle // ICpπqm // Em // pEmqą0.
Proof. By [7, §5.1.14 , prop. 1.4.12], the mixed complex Em is in D
b
ě0pXβ,0q X
pDbpXβ,0q
ě0.
By Proposition A.2.1, we have a distinguished triangle
// pEmq0
fm // Em // pEmqą0.(3.13)
Write Eą0 “ ωppEmqą0q, E0 “ ωppEmq0q and f “ ωpfmq. We have short exact sequences
0 // pHapE0q
pHapfq// pHaE // pHapEą0q // 0 , @a P Z.
By [32, ex. III.10.3] we have
pH0pE0q “ ICpπq.(3.14)
Since the mixed complex pEmq0 is pure, we have
E0 “ ICpπq ‘
à
aą0
pHapE0qr´as.
Let a ą 0. If pHapE0q ‰ 0 then the restriction of f to the summand
pHapE0qr´as is nonzero.
Since E “ pjβq˚pjβq
˚ICpπq, this yields a nonzero map
pjβq
˚pHapE0qr´as Ñ pjβq
˚ICpπq.
This is absurd by (3.14) because, by definition of E , we haveÿ
aPZ
rpHapE0q : ICpπqs ď
ÿ
aPZ
rpHaEm : ICpπqms “ 1.(3.15)
We deduce that pEmq0 “ ICpπqm, and (3.13) yields Claim 3.2.5. 
Claim 3.2.6. The map (3.12) is surjective.
Proof. By [37, §5.3], the complex Lβ has a canonical mixed structure Lβ,m which is pure of
weight 0. Set Mβ,m “ pjβq
˚Lβ,m. The mixed complex Mβ,m on Yβ is pure of weight 0. We
consider the following mixed complex of vector spaces in D`mpSpecF0q
Φ‚β,mpFmq “ Hom
‚
DbpXβ,0q
pLβ,m , Fm q , @Fm P D
b
mpXβ,0q.
By [47, cor. 3.10], we have
Φ‚β,mppEmqą0q P D
`
ą0pSpecF0q.(3.16)
Next, we consider the mixed complex Φ‚β,mpEmq. We have
Φ‚β,mpEmq “ Hom
‚
DbpYβ,0q
pMβ,m , pjβq
˚ICpπqm q , ωΦ
‚
β,mpEmq “ Φ
‚
βpEq.
We’ll use the notation Hβ, Gr
`
β , Gr
`
β and S
`
β introduced in §4 below, to which we refer
for more details. In particular, we have Gr`β “ rGr
`
β {Hβs as a stack, and the stratification
T`β is even affine by Proposition 4.1.1(b). The image of the mixed complexes Mβ,m and
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pjβq
˚ICpπqm by the equivalence of triangulated categories D
b
mpYβ,0q Ñ D
b
mpGr
`
β,0q in Propo-
sition 4.2.1 are very pure of weight 0. We deduce from Proposition A.3.5 that Φ‚β,mpEmq is
free of finite rank as an H‚Hβ -module and that
Φ‚β,mpEmq P D
`
0 pSpecF0q.(3.17)
Now, we apply the functor Φ‚β,m to the triangle in Claim 3.2.5. We get a long exact sequence
of mixed vector spaces
// Φaβ,mpICpπqmq
fa // Φaβ,mpEmq
// Φaβ,mppEmqą0q
// Φa`1β,mpICpπqmq
fa`1 // .
From (3.16), (3.17), we deduce that the map fa is onto. Hence, taking the sum over all
integers a, we get that the map
ωΦ‚β,mpICpπqmq “ Φ
‚
βpICpπqq Ñ ωΦ
‚
β,mpEmq “ Φ
‚
βpEq
in (3.12) is surjective. 
Step 5 : We prove pcq for any r.
We must prove that Φ‚βpQpkπqq “ Qpπq. For any Kostant partition σ P KPβ, we have
rΦ‚βpQpkπqq : Lpσqs “ dimHomRβpP pσq , Φ
‚
βpQpkπqqq,
“ dim epσqΦ‚βpQpkπqq,
“ dimHom‚
DbpXβq
pDQpkπq , ICpσqq,
“ dimHom‚
DbpYβq
ppjβq
˚ICpπq , pjβq
˚ICpσqq,
“ 0 if σ R Γβ.
(3.18)
Note that pjβq
˚ “ pjβq
! because jβ is an open immersion. We deduce that Φ
‚
βpQpkπqq P Dβ.
By Step 4 the graded Rβ-module P pπq maps onto Φ
‚
βpQpkπqq. Since the graded Rβ-module
Qpπq is the largest quotient of P pπq which lies in Dβ, we get a surjective graded Rβ-module
homomorphism
Qpπq Ñ Φ‚βpQpkπqq.(3.19)
Since the category Cβ is affine properly stratified, the module P pπq has a ∆-filtration for all
π P KPβ. By Propositions 4.1.1, 4.2.1 and A.3.5, the extension algebra Sβ in (3.4) satisfies
the conditions in [28, thm. 4.1], hence the graded Sβ-module Φ
‚
βpQpkπqq has an increasing
filtration whose layers are isomorphic to the modules Φ‚βp∇pkσqq with σ P Γβ. Note that
Φ‚βp∇pkσqq “ ∆pσq by Step 2 above. Hence, we must check that the multiplicity of ∆pσq in
P pπq and Φ‚βpQpkπqq are the same for all σ P Γβ. This follows from the relations
P pπq “
à
τPKPβ
V pτq bHom‚pICpπq, ICpτqq,
Φ‚βpQpkπqq “
à
τPΓβ
V pτq bHom‚ppjβq!pjβq
˚ICpπq, ICpτqq,
∆pσq “
à
τPΓβ
V pτq bHom‚ppjσq!pkσrdσsq, ICpτqq.

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Proof of Lemma 3.2.3. First, we prove the lemma for Γ “ Γβ. Consider the graded Rβ-
modules
Pβ “
à
πPKPβ
V pπq b P pπq , Qβ “
à
πPΓβ
V pπq bQpπq.
The isomorphism (2.17) and Steps 3 and 5 above yield the following isomorphisms
Pβ “ Φ
‚
βpLβq “ Rβ , Qβ “ Ψ
‚
βpMβq “ Sβ.
We have a surjective graded Rβ-module homomorphism Pβ Ñ Qβ. So, the k-algebra homo-
morphism
pjβq
˚ : Rβ Ñ Sβ(3.20)
given by the restriction functor pjβq
˚ is surjective. The Rβ-action on Qβ factorizes through
(3.20) to an Sβ-action. Hence, we have EndRβpQβq “ Sβ . The graded Rβ-module Qβ is a
projective graded-generator of the category Dβ, because Qpπq is the projective cover of Lpπq
in Dβ for each π P Γβ. We have EndDβpQβq “ Sβ, hence the category Dβ is equivalent to
pSβq
op-mod . Since Sβ “ pSβq
op, we get
Dβ “ Sβ-mod .(3.21)
By Remark A.3.6(a), (3.4) and (3.21), the functor Ψ‚β yields an equivalence of graded additive
categories
CpYβq “ Sβ-proj “ D
proj
β
which maps pjβq
˚ICpπq to Qpπq.
Now, we prove the lemma for any order ideal Γ Ă Γβ. By functoriality, we have the
k-algebra homomorphisms
pjΓq
˚ “ piΓq
˚pjβq
˚ : Rβ // Sβ // SΓ.
Under the equivalence of triangulated categories DbpYβq Ñ D
bpGr`β q given by Proposition
4.2.1, the complex Lβ on Yβ is identified with an Hβ-equivariant complex on Gr
`
β which is
parity, because the stratification S`β is even by Proposition 4.1.1(b). Hence, by [20, cor. 2.9],
we have piΓq
˚Sβ “ SΓ. Since pjβq
˚Rβ “ Sβ, we deduce that pjΓq
˚ is surjective.
For each π P Γ, the projective module phΓq
˚Qpπq in DΓ is the cover of Lpπq. Since DΓ is
a subcategory of Dβ, we can view phΓq
˚Qpπq as a graded Sβ-module. Let epπq denote the
image by the algebra homomorphism pjΓq
˚ of the idempotent epπq in (2.5). We claim that
the Sβ-module phΓq
˚Qpπq is isomorphic to the pullback by the algebra homomorphism piΓq
˚
of the projective SΓ-module SΓ epπq. Since
À
πPΓphΓq
˚Qpπq is a projective graded-generator
of DΓ, this yields an equivalence of graded Abelian categories DΓ “ SΓ-mod. We deduce that
there is an equivalence of graded additive categories DprojΓ “ SΓ-proj and SΓ-proj “ CpYΓq,
proving the lemma.
Now, we prove the claim. As graded Rβ-modules, we have
Qpπq “ Hom‚
DbpYβq
ppjβq
˚ICpπq , Mβq “ Sβepπq.
Consider the Sβ-module QpπqΓ “ Ψ
‚
ΓpjΓq
˚ICpπq. We have
QpπqΓ “ Hom
‚
DbpYΓq
ppjΓq
˚ICpπq , MΓq “ SΓepπq.
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Thus the functor piΓq
˚ yields a Sβ-module homomorphism Qpπq Ñ QpπqΓ. It is surjective
because the algebra homomorphism piΓq
˚ : Sβ Ñ SΓ is surjective. We also have a surjective
Sβ-module homomorphismQpπq Ñ phΓq
˚Qpπq. We claim that phΓq
˚Qpπq “ QpπqΓ as graded
Sβ-module. This is proved as in Step 5 above. We first observe that both modules belong
the subcategory DΓ of Dβ and have ∆-filtrations, using [28]. Further, the multiplicities of
the standard modules of DΓ in phΓq
˚Qpπq, QpπqΓ are the same. 
4. The affine Grassmannians
Recall that F is the algebraic closure of the finite field F0. Write O “ F rrtss, K “ F pptqq
and O´ “ F rt´1s. Let β P Q`` be as in (3.1). We abbreviate Gr “ GLr,F . Let AlgF be the
category of commutative F -algebras. Let GrpOq, GrpO
´q, GrpKq be the presheaves of groups
defined, for any R P AlgF , by
GrpOqpRq “ GrpRrrtssq , GrpO
´qpRq “ GrpRrt
´1sq , GrpKqpRq “ GrpRpptqqq.
Let pTr, Brq be the standard Borel pair in Gr. If there is no confusion, we may abbreviate
T “ Tr and B “ Br. We denote the sets of characters of T , of dominant characters and
of dominant characters with non negative entries by Λ`r Ă Λr Ă Z
r. We equip Λr with the
partial order such that λ ě µ whenever λ´µ is a sum of positive roots. An interval of Λr is
a subset of the form
rλ , µs “ těλu X tďµu , λ, µ P Λr,
where tď λu “ tν P Λr ; µ ď λu and tě µu “ tν P Λr ; ν ě µu. Consider the order ideal
Λβ “ tď nω1u where ωi “ p1, . . . 1, 0, . . . , 0q has i entries equal to 1 for each i P r1, rs. We
have
Λβ “ tλ P Λ
`
r ; nλ “ nu
where nλ “ λ1 ` ¨ ¨ ¨ ` λr for each λ “ pλ1, . . . , λrq. We’ll identify the sets Γβ and Λβ via the
bijection
Γβ Ñ Λβ , π “ ppβlq
pl , . . . , pβ1q
p1 , pβ0q
p0q ÞÑ λπ “ pl
pl , . . . , 1p1 , 0p0q.(4.1)
Let W be the Weyl group of Gr, let xW be its affine Weyl group, and M the set of maximal
length representatives in xW of the left cosets in xW {W . For each weight λ P Λr, let Pλ Ă Gr
be the standard parabolic subgroup whose Levi factor is the centralizer Gλ of the character
λ in Gr.
4.1. The affine Grassmannians. We’ll call affine Grassmannian Gr the reduced algebraic
F -space underlying the F -space which is sheafification of the presheaf AlgF Ñ Sets taking
R to GrpKqpRq {GrpOqpRq. It is represented by a formally smooth reduced ind-projective
F -scheme with a left action of the F -group GrpKq. The Cartan decomposition
GrpKq “
ğ
λPΛr
GrpOq t
λGrpOq
yields a partition into GrpOq-orbits Gr “
Ů
λPΛr
Grλ. We have Grλ Ă Grµ if and only if
λ ď µ. Define an irreducible projective GrpOq-equivariant F -scheme of finite type by setting
Grβ “ Grnω1 . The set of F -points GrβpF q is the set of all O-sublattices of codimension n in
the standard lattice L0 “ O
‘r.
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We’ll call thick affine Grassmannian Gr the reduced algebraic F -space underlying the F -
space which is the sheafification of the presheafAlgF Ñ Sets takingR to GrpKqpRq {GrpO
´qpRq.
It is represented by a reduced separated F -scheme of infinite type with a left action of the
F -group GrpKq, see [25]. The decomposition
GrpKq “
ğ
λPΛr
GrpOq t
λGrpO
´q
yields a partition of Gr into GrpOq-orbits Gr “
Ů
λPΛr
Grλ such that Grλ Ă Grµ if and
only if λ ě µ. The open subset Grβ “
Ů
λPΛβ
Grλ is an irreducible GrpOq-equivariant
quasi-compact F -scheme of infinite type.
Fix a principal congruence subgroupKβ ofGrpOq which is contained into
Ş
λPΛβ
tλGrpOqt
´λ.
The group Kβ acts trivially on Grβ and freely on Grβ. We define
Gr´β “ Grβ , Gr
`
β “ Grβ{Kβ.
The F -scheme Gr`β is smooth of finite type, because the Kβ-action on Grβ is locally free.
It is separated, see, e.g., [48, §A.6], [31, lem. 6.3]. Since Kβ is a normal subgroup of GrpOq,
we may consider the action of the affine algebraic F -group Hβ “ GrpOq{Kβ on Gr
˘
β . The
Hβ-orbits give a partition
Gr˘β “
ğ
λPΛβ
Gr˘λ .
Let S˘β “ tGr
˘
λ ; λ P Λβu be the corresponding stratification of Gr
˘
β .
Let I Ă GrpOq be an Iwahori subgroup containing Kβ. Consider the subgroup Iβ “ I{Kβ
of Hβ. Let T
˘
β “ tGr
˘
w ; w PMβu be the stratification of Gr
˘
β by the Iβ-orbits. Here Mβ is a
subset of M .
For each subset Γ Ă Λβ, we consider the quotient stack Gr
˘
Γ “ rGr
˘
Γ {Hβs, where
Gr˘Γ “
ğ
λPΓ
Gr˘λ .
Let i˘Γ be the locally closed inclusion Gr
˘
Γ Ă Gr
˘
β . We abbreviate Gr
˘
β “ Gr
˘
Λβ
and Gr˘λ “
Gr˘tλu. The complex ICpλq
˘ defined by
ICpλq˘ “ piλq!˚kλrd
˘
λ s , d
˘
λ “ dimGr
˘
λ(4.2)
can be viewed either as an object of DbpGr`β q or as an object of D
b
µpGr
`
β q. In the latter case
we write ICpλq`µ . Applying the forgetful functor For, we may also view them as objects of
the categories DbpGr`β , Sq or D
b
µpGr
`
β , Sq. Recall from Definition A.3.1 the notion of good
and even stratifications.
Proposition 4.1.1.
paq T˘β is a good stratification.
pbq S˘β is an even stratification.
pcq H‚pGr˘λ , kq “ H
‚pGr{Pλ , kq for each λ P Λr.
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Proof. The strata of S˘β are connected, because they are Hβ-orbits. The simply connected-
ness and the statement in (c) follow from the fact that Gr˘λ is an affine bundle over Gr{Pλ,
see, e.g., [35, §5]. So (a) implies (b). The strata of T˘β are affine. The conditions [50, §4.1(a)-
(d)] are proved in [50, §5.2]. So to prove (a), it is enough to prove that the strata of T˘β
satisfy the conditions (2), (3) in Definition A.3.1.
For T´β this is well-known, the proof consists of checking the conditions in [8, lem. 4.4.1].
For T`β , the condition (2) follows from [27] and the odd vanishing of the Kazhdan-Lusztig
polynomials. Let us concentrate on the condition (3) for T`β . A well-known argument of
Kazhdan-Lusztig implies that Happi`v q
˚ICpwq`mq is pure of weight a. See [19, lem. 3.5] or [14,
lem. 3.1.3] for an easier proof which generalizes to our setting. The condition (3) requires
in addition that the mixed vector space Happi`v q
˚ICpwq`mq is semisimple. By [8, lem. 4.4.1],
it is enough to check that the mixed vector space HapGr`β,0 , ICpwq
`
mq is a sum of copies of
kp´a{2q for each w PMβ and a P N.
To prove this, we consider Kashiwara’s thick affine flag manifold Fl. Let G, B` and B´ be
as in the proof of Lemma 4.5.1 below. The scheme Fl is separated of infinite type represented
by the quotient G {B´ with a decomposition into B`-orbits Fl “
Ů
v Flv labelled by the affine
Weyl group xW of G. The B`-orbit Flv is an affine space of codimension equal to the length
of v. Let Wβ Ă xW be an order ideal. Let Kβ be a congruence subgroup which acts freely
on Flβ “
Ů
vPWβ
Flv. We have a smooth (separated) scheme Flβ “ Flβ {Kβ with an affine
stratification Flβ “
Ů
vPWβ
Flv such that Flv “ Flv {Kβ. HereWβ is the inverse image ofMβ
by the obvious projection xW Ñ M . The bundle FlÑ Gr yields a bundle q : Flβ,0 Ñ Gr`β,0
over F0 with smooth, projective fibers with affine stratifications. See Section A.2 for the
convention. For each element v P Wβ let ICpvqm P D
b
mpFlβ,0q be the intermediate extension
of the mixed complex kFlvxdvy, where dv “ dimFlv. The map q restricts to an isomorphism
Flw,0 Ñ Gr
`
w,0. Thus, we have q˚ICpwq “ ICpwq
`‘F for some complex F P DbpGr`β q. The
following is well-known.
Claim 4.1.2. Let E P DbmpZ0q be a pure complex and F P D
b
mpZ0q be a subquotient of some
perverse cohomology sheaf pHbpEq. For each a P Z, the mixed vector space HapZ0,Fq is a
subquotient of HapZ0, Eq. 
Thus the mixed vector space HapGr`β,0 , ICpwq
`
mq is a subquotient of H
apFlβ,0 , ICpwqmq
for each a P N. Hence, it is enough to check that HapFlβ,0 , ICpvqmq is a sum of copies of
kp´a{2q for each v PWβ. If v is maximal in the poset Wβ, then the stratum Flv is closed in
Flβ, hence we have ICpvqm “ kFlvxdvy, thus the claim is obvious. For an arbitrary element
v PWβ, we argue by decreasing induction on the length of v.
For each simple reflection si P xW , we consider the parabolic subgroup P´i “ B´siB´YB´.
Let Fli be the partial thick affine flag manifold Fli “ G {P´i . We define as above a smooth
F0-scheme Fl
i
β,0 with a P
1
F0
-bundle p : Flβ,0 Ñ Fl
i
β,0 such that
Flv,0 Y Flvsi,0 “ p
´1ppFlv,0q , ppFlvsi,0q “ ppFlv,0q , @v PWβ.
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Now, assume that vsi ă v. The map p restricts to an isomorphism Flv Ñ ppFlvq. Consider
the endofunctor Si of D
b
mpFlβ,0q given by
SipEq “ p
˚p˚Ex1y , @E P D
b
mpFlβ,0q.
There is a complex F supported on the closure of the stratum Flv in Flβ such that
ω SipICpvqmq “ ICpvsiq ‘ F .
Hence Claim 4.1.2 implies that HapFlβ,0 , ICpvsiqmq is a subquotient of the mixed vector
space HapFlβ,0 , SipICpvqmqq. Now, consider the following Cartesian diagram of F0-schemes
Ziβ,0
m //
π1

Flβ,0
p

Flβ,0
p // Fliβ,0.
All maps are P1F0-bundles. By proper base change, we have
SipICpvqmq “ m˚pπ1q
˚pICpvqmqx1y.
We deduce that
HapFlβ,0 , SipICpvqmqq “ H
apZiβ,0 , pπ1q
˚pICpvqmqx1yq.
The F0-scheme Z
i
β,0 has an affine stratification given by the product of Bruhat cells on
G{B´ and P´i {B
´. The morphism π1 is stratified. The mixed complex pπ1q
˚pICpvqmqx1y in
DbmpZ
i
β,0q is the intermediate extension of the constant sheaf on the open dense stratum in
pπ1q
´1pFlv,0q. It satisfies the conditions (2) and (3) in Definition A.3.1, because the mixed
complex ICpvqm in D
b
mpFlβ,0q satisfy them by the induction hypothesis and both conditions
are preserved by a pullback by a smooth stratified morphism. 
4.2. The thick affine Grassmannian and the quiver Q. Let Cohβ be the F -stack
classifying coherent sheaves on P1F of rank r and degree n. Let Bunβ be the open sub-
stack parametrizing locally free coherent sheaves. We abbreviate Coh “
Ů
β Cohβ and
Bun “
Ů
β Bunβ. Both stacks are smooth locally quotient stacks. Consider the vector
bundle Opλq on P1F given by Opλq “ Opλ1q ‘ ¨ ¨ ¨ ‘Opλrq with λ P Λβ. Let Bun
`
β be the full
substack of Bunβ classifying all vector bundles isomorphic to Opλq for some λ P Λβ.
Proposition 4.2.1.
paq There are F -stack isomorphisms Gr`β » Bun
`
β » Yβ taking Gr
`
λpi
to the isomorphism
classes of Opλπq and Pπ for each π P Γβ.
pbq λσ ě λπ ðñ Yσ Ă Y¯π ùñ σ ě π for each π, σ P Γβ.
Proof. Let DbpCohq denote the derived category of the Abelian category Coh. The vector
bundle T “ O ‘ Op1q over P1F is a tilting generator of D
bpCohq, i.e., it is a generator of
DbpCohq as a triangulated category such that Endą0
DbpCohq
pT q “ 0. We have an F -algebra
isomorphism EndDbpCohqpT q
op “ FQ such that the elements x, y P FQ span the F -subspace
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HomDbpCohqpO,Op1qq. Thus the functor RHomDbpCohqpT , ‚q yields an equivalence of triangu-
lated categories
DbpCohq Ñ DbpFQ-modq , Opkq ÞÑ Pk , @k P N.
This equivalence restricts to an equivalence of additive categories Bun`β Ñ Yβ which maps
Opλπq to Pπ for each π P Γβ. Now, part (a) follows from the following isomorphism of F -
stacks Gr` »
Ů
n Bunrα0`nδ, see, e.g., [51, thm. 2.3.7] for details. Part (b) follows from the
proof of Proposition 3.1.2(b). 
Let Γ Ă Γβ be an order ideal. By Proposition 3.2.1 we have adjoint functors piΓq
˚, piΓq˚
between the categories DbµpYΓq, D
b
µpYβq.
Proposition 4.2.2. For each order ideal Γ Ă Γβ
paq there is an equivalence of graded triangulated categories A1Γ : D
b
µpYΓq Ñ D
b
µpGr
`
Γ q such
that pjΓq
˚ICpπqµ ÞÑ ICpλπq
`
µ for all π P Γ,
pbq there is a right adjoint triangulated functor pi`Γ q˚ to pi
`
Γ q
˚ yielding a commutative dia-
gram
DbµpYβq
A1
β

piΓq
˚
--
DbµpYΓq
piΓq˚
mm
A1
Γ

DbµpGr
`
β q
pi`
Γ
q˚
--
DbµpGr
`
Γ q.
pi`
Γ
q˚
mm
Proof. Proposition 4.2.1 yields an equivalence of graded additive categories CpYΓq » CpGr
`
Γ q.
Taking the homotopy categories, we get an equivalence of graded triangulated categories
DbµpYΓq » D
b
µpGr
`
Γ q. The other claims in the proposition are straightforward. For instance,
since the map i`Γ is an open embedding, the functor pi
`
Γ q
˚ : DbµpGr
`
β q Ñ D
b
µpGr
`
Γ q is well-
defined. We define pi`Γ q˚ to be the unique functor such that the diagram above commutes. 
4.3. The thick affine Grassmannian and the category Dβ. Let Γ Ă Γβ be any order
ideal. We define the triangulated functor
AΓ “ A
1
ΓA
2
Γ : D
bpDΓq Ñ D
b
µpGr
`
Γ q.(4.3)
Conjugating the functor pi`Γ q˚ with the Verdier duality yields the functor pi
`
Γ q! which is left
adjoint to pi`Γ q
˚. We define the following complexes in DbµpGr
`
Γ q
∆pλq`µ “ pi
`
ďλq!pi
`
ďλq
˚ICpλq`µ , ∇pλq
`
µ “ pi
`
ďλq˚pi
`
ďλq
˚ICpλq`µ .(4.4)
Proposition 4.3.1. Let Γ Ă Γβ be any order ideal.
paq AΓ is an equivalence of graded triangulated categories such that AΓphΓq
˚Qpπq “ ICpλπq
`
µ
and AΓ∆pπq “ ∇pλπq
`
µ for all π P Γ.
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pbq The following diagram of functors commutes
DbpDβq
Aβ

LphΓq
˚
--
DbpDΓq
phΓq˚
mm
AΓ

DbµpGr
`
β q
pi`
Γ
q˚
--
DbµpGr
`
Γ q.
pi`
Γ
q˚
mm
Proof. The proposition follows from Propositions 3.2.1, 4.2.2, except the last claim in (a).
We may assume Γ “ Γβ. By part (b), for each π P Γβ we have
∇pλπq
`
µ “ pi
`
ďλpi
q˚pi
`
ďλpi
q˚ICpλπq
`
µ “ Aβphďπq˚Lphďπq
˚Qpπq “ Aβp∆pπqq.

4.4. The non equivariant case. Fix an order ideal Γ Ă Γβ. For the Radon transform
studied in the next section, we need to consider the mixed category DbµpGr
`
Γ , Sq rather than
the equivariant mixed category DbµpGr
`
Γ q. Let us give some properties of D
b
µpGr
`
Γ , Sq. We
write V pλπq “ V pπq for each π P Γ. Set
M˘Γ “
à
λPΓ
V pλq b ICpλq˘.
We viewM˘Γ either as an object of D
b
µpGr
`
Γ q, or as an object of D
b
µpGr
`
Γ , Sq via the forgetful
functor For : DbpGr˘Γ q Ñ D
bpGr˘Γ , Sq. We define
S˘Γ “ End
‚
DbpGr˘
Γ
q
pM˘Γ q , S
˘, 7
Γ “ End
‚
DbpGr˘
Γ
q
pM˘Γ q.(4.5)
Proposition 4.4.1. Let Γ Ă Λβ be any order ideal.
paq CpGr˘Γ q » S
˘
Γ -proj and CpGr
˘
Γ , Sq » S
˘, 7
Γ -proj as graded additive categories.
pbq DbµpGr
˘
Γ q “ D
perfpS˘Γ q and D
b
µpGr
˘
Γ , Sq “ D
perfpS˘, 7Γ q as graded triangulated categories.
pcq S˘Γ is free of finite rank as an H
‚
Gr
-module, and kbH‚
Gr
S˘Γ » S
˘, 7
Γ as graded k-algebras.
Proof. Parts (a), (b) follow from Remark A.3.6(a). To prove (c), note that [20, prop. 2.6]
yields
Hom‚
DbpGr˘
Γ
,Sq
pFor E , ForFq “ kbH‚
Gr
Hom‚
DbpGr˘
Γ
q
pE , Fq , @E ,F P CpGr˘Γ q,(4.6)
because the stratification S is even. 
By Proposition 4.4.1(c), there is an obvious surjective algebra homomorphism ξ˘ : S˘Γ Ñ
S
˘, 7
Γ . The restriction of scalars relatively to the morphism ξ
˘ is exact and yields a functor
of triangulated categories pξ˘q˚ : D
b
µpGr
˘
Γ , Sq Ñ D
b
µpGr
˘
Γ q. The left adjoint functor Lpξ
˘q˚ :
DbµpGr
˘
Γ q Ñ D
b
µpGr
˘
Γ , Sq is the functor For. It is given by derived induction relatively to the
morphism ξ˘.
For any α P Q`, an element of the representation variety Xα is a pair of matrices px, yq
corresponding to the actions of the generators x, y of the path algebra FQ. In particular,
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setting α “ δ and x “ 1, y “ 0, we have the element p1, 0q P Xδ. Let EΓ be the quotient
stack over YΓ given by
EΓ “
”!
px, y, ϕq ; px, yq P YΓ , ϕ P HomFQppx, yq, p1, 0qq
) M
Gβ
ı
.
The morphism EΓ Ñ YΓ such that px, y, ϕq ÞÑ px, yq is a vector bundle of rank r, because
HomFQppx, yq , p1, 0qq “ cokerpyq
˚
and cokerpyq » F r since y is injective. Hence EΓ yields a stack homomorphism YΓ Ñ r‚{Grs.
The pullback by this map is a graded k-algebra homomorphism
H‚Gr Ñ H
‚pYΓ , kq.(4.7)
By (3.4) there is a graded algebra homomorphism
H‚pYΓ , kq Ñ SΓ(4.8)
such that the elements in the image graded-commute with the elements of SΓ. Composing
(4.8) with (4.7) yields a graded algebra homomorphism
H‚Gr Ñ ZpSΓq.(4.9)
We define S7Γ “ k bH‚Gr
SΓ and D
7
Γ “ S
7
Γ-mod . Let ξ : SΓ Ñ S
7
Γ be the specialization
homomorphism.
By Lemma 3.2.3, we have DΓ “ SΓ-mod . The restriction of scalars relatively to the map
ξ yields a full embedding of graded Abelian categories
ξ˚ : D
7
Γ Ñ DΓ.(4.10)
It is exact and gives a functor of triangulated categories ξ˚ : D
perfpD 7Γq Ñ D
bpDΓq, which
is not fully faithful in general. Let ξ˚, Lξ˚ be the left adjoint functors, which are given by
induction and derived induction relatively to ξ.
Lemma 4.4.2. Let Γ Ă Λβ be any order ideal.
paq S7Γ “ S
`, 7
Γ as graded k-algebras.
pbq CpGr`Γ , Sq » S
7
Γ-proj as graded additive categories.
Proof. The module QΓ “ phΓq
˚Qβ, is a projective graded-generator of DΓ. By Proposition
4.3.1 there is an equivalence of graded triangulated categories Aβ : D
bpDβq Ñ D
b
µpGr
`
β q such
that AβQΓ “M
`
Γ . Hence, we have
(4.11) SΓ “ EndDΓpQΓq “ EndDbpDΓqpQΓq “ EndDbµpGr
`
Γ
qpM
`
Γ q “ End
‚
DbpGr`
Γ
q
pM`Γ q “ S
`
Γ .
The vector bundle EΓ over YΓ is isomorphic to the pull-back of the universal bundle over
Bun`β ˆ P
1
F by the embedding
YΓ Ă Yβ “ Bun
`
β ˆ t0u Ă Bun
`
β ˆ P
1
F .
Therefore, under the stack isomorphism YΓ » Gr
`
Γ in Proposition 4.2.1, the Gr-torsor asso-
ciated with EΓ is identified with the Gr-torsor rGr
`
Γ {Uβs over Gr
`
Γ , where Uβ is the unipotent
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radical of Hβ with Levi complement Gr. We deduce that the obvious graded k-algebra
homomorphism
H‚Gr Ñ H
‚pGr`Γ , kq Ñ ZpS
`
Γ q,(4.12)
is identified with the central homomorphism (4.9) under the algebra isomorphism SΓ “ S
`
Γ .
This implies that S7Γ “ S
`, 7
Γ . Part (b) follows from (a) and Proposition 4.4.1(a). 
For each Kostant partition π P Γβ we define the module ∆pπq
7 P D 7β by setting
∆pπq7 “ ξ˚∆pπq.(4.13)
Proposition 4.4.3. Let Γ Ă Λβ be any order ideal.
paq We have an equivalence of graded triangulated categories A7Γ : D
perfpD7Γq Ñ D
b
µpGr
`
Γ , Sq
such that the following diagram of functors commutes
DperfpD 7Γq
A7
Γ

ξ˚ --
DbpDΓq
Lξ˚
mm
AΓ

DbµpGr
`
Γ , Sq
ξ`˚ --
DbµpGr
`
Γ q.
For
nn
pbq For each π P Γ, we have A7ΓLphΓq
˚Qpπq7 “ pi`Γ q
˚ICpλπq
`
µ and A
7
Γ∆pπq
7 “ ∇pλπq
`
µ .
Proof. By Lemma 4.4.2, we have an equivalence of graded triangulated categories
A7Γ : D
perfpD7Γq “ K
bpS7Γ-projq Ñ K
bpCpGr`Γ , Sqq “ D
b
µpGr
`
Γ , Sq
such that A7ΓLphΓq
˚Qpπq7 “ pi`Γ q
˚ICpλπq
` for all π P Γ. The isomorphism A7Γ∆pπq
7 “
∇pλπq
`
µ is proved as in Proposition 4.3.1. 
For a future use, we now describe explicitly the map ξ : SΓ Ñ S
7
Γ. To simplify we set
Γ “ Γβ. Let ctpEβq be the Chern polynomial of the rank r vector bundle Eβ Ñ Yβ. Let
Jβ Ă ZpSβq be the ideal generated by the image by (4.8) of the non-constant coefficients of
ctpEβq.
Let Λ be the ring of symmetric functions in two sets of variables x1, x2, . . . and y1, y2, . . .
and coefficients in k. Let eipxq, eipyq be the ith elementary symmetric functions and Etpxq,
Etpyq be the corresponding generating series. Since Xβ is an affine space, we have
H‚pXβ , kq “ H
‚
Gβ
“ Λ { peipxq, ejpyq ; i ą m, j ą nq.(4.14)
Let Iβ Ă H
‚
Gβ
be the ideal generated by the non-constant coefficients of the formal series
Eβptq “ E´tpxq {E´tpyq.(4.15)
The restriction pjβq
˚ : H‚pXβ, kq Ñ H
‚pYβ, kq maps the coefficient of t
i in Eβptq to 0 for
each i ą r, due to the exact sequence (4.16). Let I 1β Ă ZpSβq be the ideal generated by the
image by (4.8) of pjβq
˚Iβ.
Proposition 4.4.4. We have S
7
β “ Sβ{JβSβ and Jβ “ I
1
β.
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Proof. The first claim is the definition of S7β. We now concentrate on the second one. The
tautological representations of the group Gβ in F
m and Fn yield two vector bundles U0, U1
over Xβ of rank m, n respectively, with an exact sequence of vector bundles over Yβ
0 // pjβq
˚U1 // pjβq
˚U0 // pEβq
˚ // 0.(4.16)
Since the k-algebra homomorphism pjβq
˚ : Rβ Ñ Sβ in (3.19) is onto, it gives an algebra
homomorphism ZpRβq Ñ ZpSβq, which fits in the following commutative diagram
H‚Gr
//
(4.9)
&&
H‚pYβ , kq // ZpSβq
H‚Gβ H
‚pXβ , kq
pjβq
˚
OO
ZpRβq
pjβq
˚
OO(4.17)
Let ctpU0q and ctpU1q be the Chern polynomials. By (4.16) we have
ctpEβq “ pjβq
˚c´tpU0q { pjβq
˚c´tpU1q.
The identification (4.14) takes the formal series c´tpU0q { c´tpU1q to Eβptq, hence Jβ “ I
1
β. 
Remark 4.4.5. The k-algebra S7Γ is finite dimensional by Lemma 4.4.2, because S
`,7
Γ is finite
dimensional by (4.5). Hence the category D7Γ is Artinian.
Example 4.4.6. Assume that β “ βn. Hence Gβ “ GnˆGn`1 and the Gβ-variety Yβ contains
a single orbit with stabilizer Dβ “ Gm,F . The constant sheaf is a graded-generator of CpYβq,
hence CpGr`β q “ CpYβq “ Sβ-proj with Sβ “ H
‚pYβ, kq “ H
‚
Dβ
“ krzs. Further, we have
CpGr`β , Sq “ S
7
β-proj with S
7
β “ k.
4.5. The Radon transform. For each subset Γ of Λβ or Mβ we have
Gr˘Γ “
ğ
λPΛ
Gr˘λ , Gr
˘
Γ “
ğ
wPΓ
Gr˘w , d
˘
λ “ dimGr
˘
λ , d
˘
w “ dimGr
˘
w .
We equip the F -scheme Gr˘Γ with the stratifications given by S
˘
Γ “ Gr
˘
Γ X S
˘
β and T
˘
Γ “
Gr˘Γ X T
˘
β . We’ll abbreviate S “ S
˘
Γ and T “ T
˘
Γ . The F -scheme Gr
˘
Γ has an obvious
F0-structure Gr
˘
Γ,0. The stratifications S
˘ and T˘ are defined over F0.
First, let us recall the Radon transform, following [50]. Let U0 be the diagonal orbit of
GrpF0pptqqq acting on the origin of Gr0 ˆGr0. The diagonal action of the F0-group Kβ,0
on U0 X pGrΓ,0 ˆGrΓ,0q is free. Let UΓ,0 be the quotient by Kβ,0. It is open and dense in
Gr´Γ,0 ˆGr
`
Γ,0 and may view as a correspondence of F0-schemes
Gr´Γ,0 UΓ,0
f´
Γoo
f`
Γ // Gr`Γ,0 .
We write UΓ “ UΓ,0 bF0 F . From now on we’ll always assume that Γ is an interval in Λβ or
in Mβ . Then, the scheme Gr
˘
Γ is irreducible, and we may set d
˘
Γ “ dimGr
˘
Γ .
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The Radon transform denotes both a pair of adjoint functors pR´Γ , R
`
Γ q between the
categories DbpGr˘Γ , T q and a pair of adjoint functors pR
´
Γ,m , R
`
Γ,mq between the categories of
mixed complexes DbmpGr
˘
Γ,0, T q. Both pairs of functors are given by`
pf`Γ q!pf
´
Γ q
˚ , pf´Γ q˚pf
`
Γ q
!
˘
.
Since the correspondence UΓ is Iβ-equivariant, the functors R
˘
Γ,m preserve the full subcat-
egories Db♦,mpGr
˘
Γ,0, T q of D
b
mpGr
˘
Γ,0, T q. By [50, cor. 4.1.5 , §5.4], they yield a commutative
square of functors
Db♦,mpGr
´
Γ,0 , T q
R´
Γ,m ..
ω

Db♦,mpGr
`
Γ,0 , T q
R`
Γ,m
nn
ω

DbpGr´Γ , T q
R´
Γ ..
DbpGr`Γ , T q.
R`
Γ
nn
(4.18)
In this diagram the two pairs of horizontal arrows are adjoint equivalences. Since the cor-
respondence UΓ is Hβ-equivariant, the Radon transform preserves the S-constructible com-
plexes. Hence, it yields a commutative square of equivalences
Db♦,mpGr
´
Γ,0 , Sq
R´
Γ,m ..
ω

Db♦,mpGr
`
Γ,0 , Sq
R`
Γ,m
nn
ω

DbpGr´Γ , Sq
R´
Γ ..
DbpGr`Γ , Sq.
R`
Γ
nn
(4.19)
Given a nested pair of subsets Γ1 Ă Γ in Λβ, we consider the following diagram
Gr´Γ1
i´
Γ1,Γ

UΓ1
f´
Γ1oo
f`
Γ1 //

Gr`Γ1
i`
Γ1,Γ

Gr´Γ UΓ
f´
Γoo
f`
Γ // Gr`Γ .
(4.20)
Lemma 4.5.1.
paq If Γ1 “ těλu X Γ, then the right square in (4.20) is Cartesian.
pbq If Γ1 “ tďµu X Γ, then the left square in (4.20) is Cartesian.
Proof. Let x˘ be the origin in Gr˘β . We abbreviate
G “ GrpKq , P
` “ GrpOq , P
´ “ GrpO
´q , B` “ Iβ.
Let B´ Ă P´ be the co-Iwahori subgroup opposite to B`. It is the preimage under the
projection P´ Ñ GrpF q of the Borel subgroup opposite to the image of B
` by the projection
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P` Ñ GrpF q. Fix a nested pair of subsets Γ1 Ă Γ in Mβ. We consider the diagram (4.20),
with
Gr˘Γ1 “ B
` Γ1 x
˘ , Gr˘Γ “ B
` Γx˘.
The original diagram (4.20) is a particular case of this new diagram. Note that we have
P˘x˘ “ B˘ x˘ , P˘x¯ “ x¯ , Gr˘β “ B
`Mβ x
˘ , Gr˘w “ B
`w x˘ , @w PMβ ,
and that
paq the right square is Cartesian ðù B` Γ1 P
´x´ X B` Γx´ Ă B` Γ1 x
´,
pbq the left square is Cartesian ðù B` Γ1 P
`x` X B` Γx` Ă B` Γ1 x
`.
Therefore, to prove the lemma it is enough to check that
pcq B` těwuB´x´ Ă B` těwux´,
pdq B` tďwuB` x` Ă B` tďwux`.
To prove (d) it is enough to prove that B`wB` x` Ă B` tďwux`. We’ll argue by induction
on the length of w. If w “ 1 this is obvious. Let Ui Ă B
` be the root subspace associated
with the simple root αi. If w “ siv ą v, then Uiw Ă wP
´, hence
B` siB
` w x` “ B` siUi w x
` “ B` v x`.(4.21)
Using (4.21) and the equality B` siB
` siB
` “ B` siB
` Y B`, we deduce that
B` siB
` v x` “ B` siB
` siB
`w x` “ B` wx` YB` siB
` wx` “ B` w x` Y B` v x`.
(4.22)
Using (4.21), (4.22), we deduce that
B` wB` x` “ B` si vB
` x`,
Ă
ď
uďv
B` siB
` ux`,
Ă
ď
uďv
pB` ux` Y B` si ux
`q,
Ă B` tďwux`.
(4.23)
To prove (c), note that
pcq ðñ B` wB´x´ X B` v x´ “ H, @v ă w,
pdq ðñ B` wB`x` X B` v x` “ H, @v ą w,
Thus, the proof of (d) above implies that B`wB` X B` vB´ “ H in G for all v ą w, from
which we deduce that B` wB´ X B` vB` “ H in G for all v ă w, and this implies (c). 
Let Γ be an interval in Λβ or in Mβ. For each λ, µ we abbreviate i
˘
ďµ “ i
˘
tďµuXΓ ,Γ
and
i˘ěλ “ i
˘
těλuXΓ ,Γ.
Lemma 4.5.2. In Db♦,mpGr
˘
Γ,0 , Sq or D
b
♦,mpGr
˘
Γ,0 , T q the following hold
paq pi´ďµq
! ˝R`Γ,m “ R
`
tďµuXΓ,m
˝ pi`ďµq
! and pi`ěλq
˚ ˝R´Γ,m “ R
´
těλuXΓ,m
˝ pi´ěλq
˚,
pbq pi´ěλq
˚ ˝R`Γ,m “ R
`
těλuXΓ,m ˝ pi
`
ěλq
˚ and pi`ďµq
! ˝R´Γ,m “ R
´
tďµuXΓ,m ˝ pi
´
ďµq
!,
pcq R`Γ,m ˝ pi
`
ěλq˚ “ pi
´
ěλq˚ ˝R
`
těλuXΓ,m
and R´Γ,m ˝ pi
´
ďµq! “ pi
`
ďµq! ˝R
´
tďµuXΓ,m
,
pdq R`Γ,m ˝ pi
`
ďµq! “ pi
´
ďµq! ˝R
`
tďµuXΓ,m and R
´
Γ,m ˝ pi
´
ěλq˚ “ pi
`
ěλq˚ ˝R
´
těλuXΓ,m.
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Proof. Part (a) follows from Lemma 4.5.1 and proper base change. Part (c) follows from (a)
by adjunction. Since R`Γ,m and R
´
Γ,m are quasi-inverse, part (d) follows from (c), and (b)
from (a). 
Lemma 4.5.3.
paq If Γ “ tλu in Λβ , then we have R
´
λ,mpkλxd
´
λ yq “ kλx´d
´
λ y in D
b
♦,mpGr
`
λ,0 , Sq.
pbq If Γ “ twu in Mβ, then we have R
´
w,mpkwxd
´
wyq “ kwx´d
´
wy in D
b
♦,mpGr
`
w,0 , Sq.
Proof. Consider the diagram
Gr´λ Uλ
f´
λoo
f`
λ // Gr`λ .
Since Uλ is open dense in Gr
´
λ ˆ Gr
`
λ , it has dimension d
´
λ ` d
`
λ . Since the map f
˘
λ is
Hβ-equivariant over an Hβ-orbit, it is a fibration whose fiber at t
λx˘ is isomorphic to
GrpOqt
λx¯ X tλGrpO
¯qx¯,
which is an affine space (here we write O` “ O). Thus, the map f˘λ is a (e´tale locally trivial)
fibration whose fibers are affine spaces of dimension d¯λ . Part (a) follows, because Gr
`
λ is
simply connected. Part (b) is proved in a similar way. 
Now, we consider the mixed category DbµpGr
˘
Γ , Sq. The functors pi
˘
Γ q˚, pi
˘
Γ q!, pi
˘
Γ q
˚ and
pi˘Γ q
! between DbmpGr
˘
Γ,0, Sq, D
b
mpGr
˘
β,0, Sq lift to the mixed categories D
b
µpGr
˘
Γ , Sq, D
b
µpGr
˘
β , Sq
under the functor ι, and they enjoy all the usual adjunction properties, see Proposition A.3.3.
We consider the objects in DbµpGr
˘
β , Sq given by
∆pλq`µ “ pi
`
ďλq!pi
`
ďλq
˚ICpλq`µ , ∇pλq
`
µ “ pi
`
ďλq˚pi
`
ďλq
˚ICpλq`µ ,
∆pλq´µ “ pi
´
ěλq!pi
´
ěλq
˚ICpλq´µ , ∇pλq
´
µ “ pi
´
ěλq˚pi
´
ěλq
˚ICpλq´µ .
(4.24)
The Verdier duality yields an involutionD of the category DbµpGr
˘
β , Sq such thatDp∆pλq
˘
µ q “
∇pλq˘µ and DpICpλq
˘
µ q “ ICpλq
˘
µ . The complexes ∆pλq
`
µ , ∇pλq
`
µ are non-equivariant ana-
logues of the objects of DbµpGr
`
β q in (4.4).
Proposition 4.5.4.
paq We have an equivalence of graded triangulated categories B7β : D
b
µpGr
`
β , Sq Ñ D
b
µpGr
´
β , Sq
pbq B7β∇pλq
`
µ “ ∆pλq
´
µ for each λ P Λβ .
Proof. Step 1 : We construct an equivalence S´Γ,µ : D
b
µpGr
´
Γ , Sq Ñ D
b
µpGr
`
Γ , Sq
Let P♦,mpGr
`
Γ,0 , T q
proj be the full subcategory of P♦,mpGr
`
Γ,0 , T q consisting of the objects
whose image by ω belongs to PpGr`Γ , T q
proj. Let P♦,mpGr
`
Γ,0 , T q
tilt be the full subcategory
of P♦,mpGr
`
Γ,0 , T q consisting of the tilting objects. By Proposition 4.1.1, the stratification T
on Gr´Γ is good. Hence, by Propositions A.3.3(a) and A.4.3(b), the functor ι restricts to a
fully faithful functor PµpGr
´
Γ , T q Ñ P♦,mpGr
´
Γ,0, T q and to an equivalence
PµpGr
´
Γ , T q
tilt Ñ P♦,mpGr
´
Γ,0 , T q
tilt.(4.25)
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In particular, the category P♦,mpGr
´
Γ,0 , T q
tilt is the full subcategory of P♦,mpGr
´
Γ,0 , T q con-
sisting of the objects whose image by ω belongs to PpGr´Γ , T q
tilt. We define the functors
S¯Γ “ R
¯
Γ r˘d
`
Γ s and S
¯
Γ,m “ R
¯
Γ,mx˘d
`
Γ y. By [9], [50], the functors S
´
Γ and S
`
Γ yield inverse
equivalences of additive categories
PpGr´Γ , T q
tilt
S´
Γ ..
PpGr`Γ , T q
proj.
S`
Γ
nn
Hence, by (4.30), we have the diagram of equivalences of additive categories
P♦,mpGr
´
Γ,0 , T q
tilt
S´
Γ,m ..
ω

P♦,mpGr
`
Γ,0 , T q
proj
S`
Γ,m
nn
ω

PpGr´Γ , T q
tilt
S´
Γ ..
PpGr`Γ , T q
proj.
S`
Γ
nn
(4.26)
Thus, the set of indecomposable objects in P♦,mpGr
`
Γ,0 , T q
proj is
tS´Γ,mι T pwqµpa{2q ; w PWΓ , a P Zu.
On the other hand, the set of indecomposable objects in PµpGr
`
Γ , T q
proj is
tP pwqµpa{2q ; w PWΓ , a P Zu.
Since the objects ι P pwqµpa{2q and S
´
Γ,mι T pwqµpa{2q have isomorphic images by ω, we deduce
that the functor ι restricts to an equivalence
PµpGr
`
Γ , T q
proj Ñ P♦,mpGr
`
Γ,0 , T q
proj.(4.27)
From (4.26), (4.25), (4.27), we deduce that there are equivalences of graded additive cate-
gories
PµpGr
´
Γ , T q
tilt
S´
Γ,µ ..
PµpGr
`
Γ , T q
proj.
S`
Γ,µ
nn(4.28)
Taking the homotopy categories, by Propositions A.4.1, A.4.3 we get quasi-inverse equiva-
lences of graded triangulated categories S˘Γ,µ yielding the following commutative diagram
DbµpGr
´
Γ , T q
S´
Γ,µ ..
ι

DbµpGr
`
Γ , T q,
S`
Γ,µ
nn
ι

Db♦,mpGr
´
Γ,0 , T q
S´
Γ,m ..
Db♦,mpGr
`
Γ,0 , T q.
S`
Γ,m
nn
(4.29)
In other words, the functors S˘Γ,m between the categories D
b
♦,mpGr
˘
Γ,0 , T q are genuine. Thus,
the functors S˘Γ,m between the categories D
b
♦,mpGr
˘
Γ,0 , Sq are also genuine by [2, lem. 7.21],
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i.e., we have quasi-inverse equivalences of graded triangulated categories S˘Γ,µ yielding the
following commutative diagram
DbµpGr
´
Γ , Sq
S´
Γ,µ
..
ι

DbµpGr
`
Γ , Sq
S`
Γ,µ
nn
ι

Db♦,mpGr
´
Γ,0 , Sq
S´
Γ,m ..
Db♦,mpGr
`
Γ,0 , Sq.
S`
Γ,m
nn
(4.30)
Step 2 : We prove that S´β,µp∇pλq
´
µ q “ ∆pλq
`
µ .
Since the map i´ďµ is a closed embedding, the functor pi
´
ďµq! preserves tilting mixed per-
verse sheaves. Hence, by Lemma 4.5.2 and (4.26), the inclusion tď µu X Γ Ă Γ yields the
commutative square of functors
P♦,mpGr
´
tďµuXΓ,0
, T qtilt
S´
tďµuXΓ,m //
pi´ďµq!

P♦,mpGr
`
tďµuXΓ,0
, T qproj
pi`ďµq!

P♦,mpGr
´
Γ,0 , T q
tilt
S´
Γ,m // P♦,mpGr
`
Γ,0 , T q
proj.
(4.31)
From (4.25), (4.27), we deduce that there is a commutative square of functors
PµpGr
´
tďµuXΓ , T q
tilt
S´
tďµuXΓ,µ //
pi´ďµq!

PµpGr
`
tďµuXΓ , T q
proj
pi`ďµq!

PµpGr
´
Γ , T q
tilt
S´
Γ,µ // PµpGr
`
Γ , T q
proj.
(4.32)
Taking the homotopy categories, by Propositions A.4.1, A.4.3 we get the following commu-
tative square of functors
DbµpGr
´
tďµuXΓ , Sq
S´
tďµuXΓ,µ //
pi´ďµq!

DbµpGr
`
tďµuXΓ , Sq
pi`ďµq!

DbµpGr
´
Γ , Sq
S´
Γ,µ // DbµpGr
`
Γ , Sq.
(4.33)
Similarly, since the map i´ěλ is an open embedding, the functor pi
´
ěλq
˚ preserves tilting
mixed perverse sheaves. Hence, the inclusion těλu X Γ Ă Γ yields the commutative square
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of functors
P♦,mpGr
´
těλuXΓ,0 , T q
tilt
S´
těλuXΓ,m // P♦,mpGr
`
těλuXΓ,0 , T q
proj
P♦,mpGr
´
Γ,0 , T q
tilt
S´
Γ,m //
pi´ěλq
˚
OO
P♦,mpGr
`
Γ,0 , T q
proj,
pi`ěλq
˚xdy
OO
(4.34)
where d “ d`těλuXΓ´d
`
Γ . Taking the adjoint functors and using a similar argument as above,
we obtain the commutative square of functors
DbµpGr
´
těλuXΓ , Sq
S´
těλuXΓ,µ //
pi´ěλq˚

DbµpGr
`
těλuXΓ , Sq
pi`ěλq˚x´dy

DbµpGr
´
Γ , Sq
S´
Γ,µ // DbµpGr
`
Γ , Sq.
(4.35)
In particular, applying (4.33) and (4.35) to the chain of inclusions tλu Ă tď λu Ă Λβ and
using the identity d´λ ` d
`
λ “ d
`
β , we get the commutative diagram of functors
DbµpGr
´
λ , Sq
S´
λ,µ //
pi´
λ
q˚

DbµpGr
`
λ , Sq
pi`
λ
q!xd
´
λ
y

DbµpGr
´
ďλ , Sq
S´ďλ,µ //
pi´ďλq˚

DbµpGr
`
ďλ , Sq
pi`ďλq!

DbµpGr
´
β , Sq
S´
β,µ // DbµpGr
`
β , Sq.
(4.36)
Lemma 4.5.3, (4.24) and (4.36) yield an isomorphism
S´β,µp∇pλq
´
µ q “ S
´
β,µpi
´
ěλq˚pi
´
ěλq
˚pICpλq´µ q,
“ S´β,µpi
´
ěλq˚pi
´
λ q˚pkxd
´
λ yq,
“ S´β,µpi
´
ďλq˚pi
´
λ q˚pkxd
´
λ yq,
“ pi`ďλq!pi
`
λ q!S
´
λ,µpkx2d
´
λ yq,
“ pi`ďλq!pi
`
λ q!pkxd
`
λ yq,
“ ∆pλq`µ .
Thus, the functor B7β “ D ˝ S
`
β,µ ˝D satisfies the conditions in the proposition.

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5. Coherent sheaves on the nilpotent cone
5.1. Perverse coherent sheaves on the nilpotent cone. From now on, we write Gr “
GLr,k. This notation differs from the notation used in the beginning of §4. Let pTr, Br, Nrq
be the standard Borel triple. We may abbreviate T “ Tr, B “ Br or N “ Nr. The group
of characters of T is identified with Zr. Let gr, br, nr be the Lie algebra of Gr, Br, Nr and
i : Nr Ñ gr the embedding of the nilpotent cone. We’ll abbreviate G
c
r “ Gr ˆ Gm,k. The
group Gcr acts on gr, Nr via
pg, zq ¨ ξ “ z´2Adpgqpξq , @ξ P gr , @pg, zq P G
c
r.
For X “ gr or Nr, let Coh
GcrpXq be the category of Gcr-coherent sheaves on X. We equip this
Abelian category with the grading shift functors x‚y such that x´1y is the tensor product with
the tautological 1-dimensional Gm-module (of weight 1). We equip the triangulated category
DbCohG
c
rpXq with the grading shift triangulated functors x‚y. We consider Bezrukavnikov’s
graded Abelian subcategory of perverse coherent sheaves
PCohprNr{G
c
rsq Ă D
bCohprNr{G
c
rsq.
By [41], it is graded properly stratified, with standard, costandard, proper standard, proper
costandard and simple objects given by ∆pλq7, ∇pλq7, ∆¯pλq7, ∇¯pλq7, Lpλq7 with λ P Λr. Let
us recall briefly their definitions. Consider the diagram of Gcr-equivariant k-schemes
Nr Gr ˆBr nr
qoo p // Gr{Br.
For each weight λ P Zr, theAndersen-Jantzen sheaf Apλq is the complex in P DbCohprNr{G
c
rsq
given by Apλq “ Rq˚p
˚OGr{Bpλq. It is perverse. Set δλ “ mintℓpwq ; ww0λ P Λru. If λ “ λπ
as in (4.1), then we have
δλpi “ rpr ´ 1q{2´
lÿ
k“0
pkppk ´ 1q{2.
The proper standard and costandard objects are given by
∆¯pλq7 “ Apw0λqxδλy , ∇¯pλq
7 “ Apλqx´δλy , λ P Λr.(5.1)
Let V pλq be the simple rational Gr-module with highest weight λ. We define
Tpλq “ V pλq bOgr , Tpλq
7 “ Li˚Tpλq “ V pλq bONr .
The set of indecomposable tilting objects is tTpλq7xay ; λ P Λr , a P Zu. For any order ideal
Γ Ă Λr we consider the Serre subcategory PCohprNr{G
c
rsqΓ of PCohprNr{G
c
rsq generated by
the constituents of the objects in tTpλq7xay ; λ P Γ , a P Zu. We have
DbCohprNr{G
c
rsq “ D
bPCohprNr{G
c
rsq.
Setting Γ “ tă λu for some weight λ P Λr, we may consider the quotient functor
pπěλq
˚ : DbCohprNr{G
c
rsq Ñ D
bpPCohprNr{G
c
rsq {PCohprNr{G
c
rsqăλq.
Let pπěλq! and pπěλq˚ be the left and right adjoints, see [4, §§1,2] for details. We define
∆pλq7 “ pπěλq!pπěλq
˚pTpλq7qx´δλy , ∇pλq
7 “ pπěλq˚pπěλq
˚pTpλq7qxδλy.
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Both objects belong to the category PCohprNr{G
c
rsqďλ. They are called the standard and
costandard objects respectively.
Being the Serre subcategory associated with the order ideal Γ of Λr, the Abelian cate-
gory PCohprNr{G
c
rsqΓ is graded properly stratified, with the standard, costandard, proper
standard and proper costandard objects given by ∆pλq7, ∇pλq7, ∆¯pλq7, ∇¯pλq7 with λ P Γ.
Consider the graded triangulated subcategories
DbCohprgr{G
c
rsqΓ Ă D
bCohprgr{G
c
rsq , D
perfCohprNr{G
c
rsqΓ Ă D
perfCohprNr{G
c
rsq
generated by the sets TΓ “ tTpλqxay ; λ P Γ , a P Zu and T
7
Γ “ tTpλq
7xay ; λ P Γ , a P Zu.
We have
DperfCohprNr{G
c
rsqΓ “ D
perfpPCohprNr{G
c
rsqΓq.
5.2. The derived Satake equivalence. Recall the graded triangulated categories DbµpGr
´
β q “
KbpCpGr´β qq and D
b
µpGr
´
β , Sq “ K
bpCpGr´β , Sqq. The following is an instance of the derived
Satake equivalence of Bezrukavnikov-Finkelberg.
Proposition 5.2.1.
paq There is an equivalence of graded triangulated categories Cβ : D
b
µpGr
´
β q Ñ D
bCohprgr{G
c
rsqΛβ
such that CβpICpλq
´
µ q “ Tpλq for all λ P Λβ.
pbq There is an equivalence of graded triangulated categories C7β : D
b
µpGr
´
β , Sq Ñ D
perfCohprNr{G
c
rsqΛβ
such that the following diagram commutes
DbµpGr
´
β , Sq
C
7
β

ξ˚
--
DbµpGr
´
β q
Lξ˚
mm
Cβ

DperfCohprNr{G
c
rsqΛβ
i˚ ..
DbCohprgr{G
c
rsqΛβ .
Li˚
oo
(5.2)
pcq For each λ P Λβ we have C
7
β∆pλq
´
µ “∆pλq
7, C7β∇pλq
´
µ “∇pλq
7 and C7βICpλq
´
µ “ Tpλq
7.
Proof. Since the group Kβ is unipotent, the obvious functor
DbµpGr
´
β q “ D
b
µprGr
´
β {Hβsq Ñ D
b
µprGr
´
β {GrpOqsq
is a triangulated equivalence, compare [10, thm. 3.7.3]. Hence, part (a) follows from [42,
thm. 5.5.1]. Part (b) is [4, prop. 5.7]. More precisely, let AddpTβq be the additive full
subcategory of Cohprgr{G
c
rsq generated by the set of objectsTβ. By [42, cor. 5.5.4], we have an
equivalence of triangulated categories DbCohprgr{G
c
rsqΛβ “ K
bpAddpTβqq. The equivalence
Cβ follows from the isomorphism [42, (5.6.2)]
HomDbpGr´
β
qpICpλq
´ , ICpµq´xayq “ HomDbCohprgr{GcrsqpTpλq , Tpµqxayq , @λ, µ P Λβ
which yields an equivalence of graded additive categories CpGr´β q “ AddpTβq which com-
mutes with the grading shift functors x‚y. The equivalence C7β is proved in a similar way
in [4, prop. 5.5, thm. 2.16].
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The commutativity of the equivalences Cβ, C
7
β with the functors Lξ
˚, Li˚ is a consequence
of the isomorphisms (4.6) and the isomorphism
kbH‚
Gr
HomDbCohprgr{GcrsqpTpλq , Tpµqxayq “ HomDperfCohprNr{GcrsqpTpλq
7 , Tpµq7xayq,(5.3)
where the H‚Gr -module structure comes from the identification of graded rings H
‚
Gr
“
krgr{{Grs. The commutativity with ξ˚, i˚ follows by adjunction.
More precisely, in the derived category of Ogr{{Gr -modules, we have
RHomDbCohprgr{GcrsqpTpλq , Tpµqxayq “ Inv
Grˆpgr{{GrqRHomDbpCohpgrqqpTpλq , Tpµqxayq,
where InvGrˆpgr{{Grq is the derived functor of invariants relatively to the flat affine group
scheme Grˆpgr{{Grq over gr{{Gr. Derived invariants commute with the derived base change
functor M ÞÑ k
L
bH‚
Gr
M , see, e.g., [39, App. A]. We deduce that
k
L
bH‚Gr RHomDbCohprgr{GcrsqpTpλq , Tpµqxayq “ Inv
Gr
´
k
L
bH‚Gr RHomDbpCohpgrqqpTpλq , Tpµqxayq
¯
“ RHomDperfCohprNr{GcrsqpTpλq
7 , Tpµq7xayq.
Now, since Tpλq, Tpλq7 are locally free and Gr is reductive, we have
RHomą0
DbCohprgr{Gcrsq
pTpλq , Tpµqxayq “ RHomą0
DperfCohprNr{Gcrsq
pTpλq7 , Tpµq7xayq “ 0.
The isomorphism (5.3) follows. Part (c) of the proposition is [5, cor. 3.4]. 
We can now prove the following theorem.
Theorem 5.2.2. There is an equivalence of graded triangulated categories
E7β : D
perfpD 7βq Ñ D
perfCohprNr{G
c
rsqΛβ
such that E7β∆pπq
7 “∆pλπq
7 for all π P Γβ.
Proof. Let first observe that
∆pπq7 P DperfpD 7βq , ∆pλπq
7 P DperfCohprNr{G
c
rsqΛβ , @π P Γβ.(5.4)
The second identity follows from [41, prop. 5.4], the first one from Lemma 6.3.1(b) below,
and the fact that the category Dβ has finite global dimension. Now, by Propositions 4.5.4,
4.4.3, 5.2.1 there is a chain of equivalences of graded triangulated categories
E7β : D
perfpD 7βq
A7
β // DbµpGr
`
β , Sq
B7
β // DbµpGr
´
β , Sq
C7
β // DperfCohprNr{G
c
rsqΛβ
such that
∆pπq7xay ✤
A7
β // ∇pλπq
`
µ xay
✤
B7
β // ∆pλπq
´
µ xay
✤
C7
β // ∆pλπq
7xay.

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Conjecture 5.2.3. There is an equivalence of graded triangulated categories
Eβ : D
bpDβq Ñ D
bCohprgr{G
c
rsqΛβ
such that the following square of functors commutes
DperfpD 7βq
E7
β

ξ˚
--
DbpDβq
Lξ˚
mm
Eβ

DperfCohprNr{G
c
rsqΛβ
i˚ ..
DbCohprgr{G
c
rsqΛβ .
Li˚
oo
Further, we have Eβ∆pπq “∆pλπq for each π P Γβ. 
Remark 5.2.4. Given any weight dominant λ, let Pλ be the largest parabolic subgroup such
that the line bundle OGr{Bpλq on Gr{B is the pull-back of a line bundle on Gr {Pλ. Let
OGr {Pλpλq denote this line bundle. Let pλ be the Lie algebra of Pλ. The diagram of G
c
r-
equivariant k-schemes
gr Gr ˆPλ pλ
qλoo pλ // Gr{Pλ
gives rise to the following complexes
∆pλq “ pRqw0λq˚ppw0λq
˚OGr {Pw0λ
pw0λq , ∇pλq “ pRqλq˚ppλq
˚OGr {Pλpλq.
The standard and costandard objects should be made more explicit in the following way:
∆pλq7 “ Li˚∆pλq and ∇pλq7 “ Li˚∇pλq. This should follows from the computation in [11,
(29)-(30)].
6. The equivalence of monoidal categories
In Theorem 5.2.2 we have constructed an equivalence of graded triangulated categories
E7β : D
perfpD 7βq Ñ D
perfCohprNr{G
c
rsqΛβ .
Our next goal is to prove that it yields indeed an equivalence of graded Abelian categoriesà
βPQ``
D 7β Ñ
à
βPQ``
PCohprNr{G
c
rsqΛβ .
6.1. The monoidal structure on D 7. Consider the graded Abelian categories
D 7 “
à
βPQ``
D 7β , D “
à
βPQ``
Dβ , C “
à
βPQ`
Cβ.
We have obvious fully faithful functors D 7 Ă D Ă C. The category D7β is Artinian by
Remark 4.4.5, for each β P Q``. Hence we have D
7 Ă Dfl. For each α, γ P Q` with
β “ α` γ, there is an obvious inclusion Rα bRγ Ă Rβ . The induction functors relative to
those embeddings equip the categories C and Cfl with an exact monoidal structure ˝.
Lemma 6.1.1. The bifunctor ˝ preserves the subcategory Dfl of Cfl.
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Proof. For each Kostant partitions π, σ supported on Φ``, let us check that the induced
module Lpπq ˝Lpσq belongs to D. By the associativity of the induction, we may assume that
π “ pβnq and σ “ pβmq with n,m P N. If n ě m then Lpβnq ˝ Lpβmq is the proper standard
module ∆¯pβn, βmq by (2.7). If n ď m then Lpβnq ˝ Lpβmq is the proper costandard module
∇¯pβn, βmq, up to some grading shift, by [40, (5.2), thm. 10.1(2)] and the definition of the
proper costandard modules in [40, §24]. Hence it lies again in D. 
Proposition 6.1.2. The bifunctor ˝ preserves the subcategory D 7 of Cfl, yielding an exact
graded monoidal full subcategory pD 7, ˝q of pCfl, ˝q.
Proof. The ZpRβq-action on Rβ by multiplication preserves the subalgebra Rα bRγ . The
action on the unit of Rα bRγ gives an inclusion
ZpRβq Ă ZpRαq b ZpRγq(6.1)
which fits into the following commutative diagram
ZpRβq
(6.1) // ZpRαq b ZpRγq
H‚Gβ
∆α,γ // H‚Gα bH
‚
Gγ
(6.2)
where ∆α,γ is the diagonal map. The formal series Eβptq in (4.15) is such that
∆α,γEβptq “ Eαptq b Eγptq.(6.3)
Thus, under the inclusion (6.1), we have
Jβ Ă pJα b 1q ` p1b Jγq.(6.4)
We deduce that Jβ annihilates the Rβ-module
M ˝N “ Rβ bRαbRγ pM bNq
for any modules M P Dα, N P Dγ killed by Jα, Jγ respectively. The category D
7
β consists of
the modules in Dβ which are killed by Jβ. From the discussion above, we deduce that the
monoidal structure ˝ preserves the subcategory D 7 of D, i.e., the functor ξ˚ in (4.10) extends
to a monoidal functor pD 7, ˝q Ñ pD, ˝q. 
6.2. The monoidal structure on perverse coherent sheaves on the nilpotent cone.
Fix α, β, γ P Q`` with β “ α ` γ. Write α “ uα0 ` kδ and γ “ vα0 ` lδ. Let P
c
u,v be
the standard parabolic subgroup of Gcr with Levi subgroup Gu ˆGv ˆGm. Let Nu,v be the
nilpotent cone of P cu,v. We consider the following diagram of Artin stacks
rNu{G
c
us ˆ rNv{G
c
vs rNu,v{P
c
u,vs
qoo p // rNr{G
c
rs.(6.5)
Since the morphism q is smooth, we have a triangulated bifunctor
˝ “ Rp˚ q
˚ : DbCohprNu{G
c
usq ˆD
bCohprNv{G
c
vsq Ñ D
bCohprNr{G
c
rsq.
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We consider the graded Abelian category given by
PCohprN {GcsqΛ` “
à
rą0
PCohprNr{G
c
rsqΛ`r “
à
βPQ``
PCohprNr{G
c
rsqΛβ .
Proposition 6.2.1. The functor ˝ restricts to an exact bifunctor of graded Abelian categories
˝ : PCohprNu{G
c
usq ˆ PCohprNv{G
c
vsq Ñ PCohprNr{G
c
rsq,
giving rise to an exact graded monoidal category
`
PCohprN {GcsqΛ` , ˝
˘
.
Proof. For any characters µ, ν of Tu, Tv respectively, let pµ, νq be the character of the torus
Tr “ Tu ˆ Tv obtained by glueing µ with ν. The base change theorem yields the following
isomorphism of Andersen-Jantzen sheaves Apµq ˝ Apνq “ Apµ, νq. Hence, for all dominant
µ, ν the complex ∆¯pµq7 ˝ ∆¯pνq7 is perverse. We deduce that the complex Lpµq7 ˝ Lpνq7 is
perverse as well, and the proposition follows. 
Remark 6.2.2. By Proposition 6.2.1, the triangulated category
DperfCohprN {GcsqΛ` “
à
βPQ``
DperfCohprNr{G
c
rsqΛβ
is monoidal. Considering instead of (6.5) the following diagram of Artin stacks
rgu{G
c
us ˆ rgv{G
c
vs rpu,v{P
c
u,vs
oo // rgr{G
c
rs,
we get a triangulated monoidal structure on the triangulated category defined by
DbCohprg{GcsqΛ` “
à
βPQ``
DbCohprgr{G
c
rsqΛβ .
The functor i˚ in (5.2) yields a monoidal functor D
perfCohprN {GcsqΛ` Ñ D
bCohprg{GcsqΛ` .
The left adjoint functor Li˚ is not monoidal.
6.3. The monoidal equivalence. The category PCohprNr{G
c
rsqΛβ is graded properly strat-
ified. The graded Abelian categories D 7β, Dβ are equipped with the pair of adjoint functors
pξ˚ , ξ˚q. By Proposition 6.1.2 and the definition of the proper standard and costandard
modules ∆¯pπq, ∇¯pπq in Dβ in [30, (6.5), (6.7)], we deduce that ∆¯pπq, ∇¯pπq P D
7
β for all
π P Γβ. We may write ∆¯pπq
7 “ ∆¯pπq and ∇¯pπq7 “ ∇¯pπq to indicate that we view them
as objects in D 7β . In (4.13) we have defined ∆pπq
7 “ ξ˚∆pπq for all π P Γβ. Hence, we can
consider the subcategory D 7,∆β Ă D
7
β consisting of the objects with a finite filtration whose
subquotients are isomorphic to some ∆pπq7 with π P Γβ.
Lemma 6.3.1.
paq ξ˚ restricts to an exact functor D∆β Ñ D
7,∆
β .
pbq D 7, projβ “ tP P D
7,∆
β ; Ext
1
D
7
β
pP , ∆pπq7q “ 0 , @π P Γβu.
pcq PCohprNr{G
c
rsq
proj
Λβ
“ tP P PCohprNr{G
c
rsq
∆
Λβ
; Ext1PCohprNr{GcrsqpP , ∆pλq
7q “ 0 , @λ P
Λβu.
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Proof. Fix π “ ppβlq
pl , . . . , pβ0q
p0q in Γβ. The map (6.1) yields an inclusion
ZpRβq Ă ZpRβlq
bpl b ¨ ¨ ¨ b ZpRβ0q
bp0 .
Since π is a Kostant partition of β, we have rπ “ r, hence the central elements zβ1 , . . . , zβl
in (2.8) yield a k-algebra embedding
krz1, z2, . . . , zrs Ă ZpRβlq
bpl b ¨ ¨ ¨ b ZpRβ0q
bp0(6.6)
which fits into the following commutative diagram of inclusions
ZpRβq
(6.1)
// ZpRβlq
bpl b ¨ ¨ ¨ b pRβ0q
bp0
krz1, z2, . . . , zrs
Sr
OO
// krz1, z2, . . . , zrs
(6.6)
OO
Now, for each k “ 1, . . . , r, the map H‚Gβk
Ñ ZpSβkq in (4.9) is the composition of the map
H‚Gβk
“ krzβks Ñ ZpRβkq in (2.8) with the restriction pjβkq
˚ : ZpRβkq Ñ ZpSβkq. Hence, the
proof of (6.4) implies that the map H‚Gβ Ñ ZpSβq in (4.9) is the composition of the chain of
map
H‚Gβ krz1, z2, . . . , zrs
Sr // ZpRβq
pjβq
˚
// ZpSβq .
Since ∆pβkq is a free module over krzβk s for each k, the induced module
∆pβlq
˝ pl ˝ ¨ ¨ ¨ ˝∆pβ1q
˝ p1 ˝∆pβ0q
˝ p0(6.7)
is free over krz1, z2, . . . , zrs, hence over H
‚
Gr
. By (2.6), (2.7), the standard module ∆pπq is a
direct summand of the induced module (6.7), hence it is also free over H‚Gr . Part (a) follows,
because ξ˚pMq “ kbH‚
Gr
M for each module M P Dβ .
Now, let us concentrate on part (b). Since ξ˚ is left adjoint to ξ˚, which is exact, we deduce
that ξ˚pD projβ q Ă D
7, proj
β . Using the fact that the categories Dβ, D
7
β are both Krull-Schmidt,
we get indeed an equality ξ˚pD projβ q “ D
7, proj
β . Since the category Dβ is affine highest weight,
we have
D
proj
β “ tP P D
∆
β ; Ext
1
Dβ
pP , ∆pπqq “ 0 , @π P Γβu,
hence part (a) implies that
D 7, projβ Ă tP P D
7,∆
β ; Ext
1
D
7
β
pP , ∆pπq7q “ 0 , @π P Γβu.
To prove the reverse inclusion, by part (a) and adjunction we have, for all i ą 0,
Exti
D
7
β
p∆pσq7 , ∇¯pπq7q “ Exti
DbpD 7
β
q
pLξ˚∆pσq , ∇¯pπq7q
“ Exti
DbpDβq
p∆pσq , ∇¯pπqq
“ 0,
from which we deduce that
D 7,∆β Ă tP P D
7
β ; Ext
ą0
D
7
β
pP , ∇¯pπq7q “ 0 , @π P Γβu.
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The reverse inclusion can be proved as in [29, lem. 7.8], using the vanishing
Ext2
D
7
β
p∆pσq7 , ∇¯pπq7q “ 0
proved above. Now, given an object P P D 7,∆β such that
Ext1
D
7
β
pP , ∆pπq7q “ 0 , π P Γβ, , @a P Z,(6.8)
there is a projective module Q P D 7, projβ mapping onto P , because D
7
β is a Noetherian
Laurentian category in the terminology of [29, §2], and we can consider the short exact
sequence
0 // K // Q // P // 0 .(6.9)
We have K P D 7,∆β , because
D 7,∆β “ tM P D
7
β ; Ext
ą0
D
7
β
pM , ∇¯pπq7q “ 0 , @π P Γβu.
Hence (6.8) implies that the short exact sequence (6.9) splits, so P is projective.
Part (c) is a well-known property of graded properly stratified categories. 
We can now prove the following theorem, which is the main result of this paper.
Theorem 6.3.2. For each β P Q`` there is an equivalence of graded Abelian categories
E7β : D
7
β Ñ PCohprNr{G
c
rsqΛβ
which takes the graded S
7
β-modules ∆pπq
7, ∆¯pπq7, ∇¯pπq7, Lpπq7 to the perverse coherent
sheaves ∆pλπq
7, ∆¯pλπq
7, ∇¯pλπq
7, Lpλπq
7 respectively, for all π P Γβ.
Proof. Given subsets A,B Ă IsompDq of the set of isomorphism classes of objects of a
triangulated category D, let A ˚B Ă IsompDq be the set of classes of all objects Z for which
there exists an exact triangle X Ñ Z Ñ Y Ñ Xr1s with X P A and Y P B. The octahedron
axiom implies that the operation ˚ is associative, hence for each A as above we may consider
the strictly full subcategory xAy Ă D such that IsompxAyq “
Ť
ną0A ˚ A ˚ ¨ ¨ ¨ ˚ A, where A
appears n times. By (5.4), we may define the additive subcategories
DperfpD 7βq
∆ “ xt∆pπq7xay ; π P Γβ , a P Zuy,
DperfCohprNr{G
c
rsq
∆
Λβ
“ xt∆pλq7xay ; λ P Λβ , a P Zuy
of DperfpD 7βq and D
perfCohprNr{G
c
rsqΛβ respectively. The equivalence of triangulated cate-
gories E7β in Theorem 5.2.2 restricts to an equivalence of graded additive categories`
DperfpD 7βq
∆ , x‚y
˘
Ñ
`
DperfCohprNr{G
c
rsq
∆
Λβ
, x‚y
˘
.
Since we have DperfpD 7βq
∆ “ D 7,∆β and D
perfCohprNr{G
c
rsq
∆
Λβ
“ PCohprNr{G
c
rsq
∆
Λβ
, it is
indeed an equivalence of graded additive categories
E7β :
`
D 7,∆β , x‚y
˘
Ñ
`
PCohprNr{G
c
rsq
∆
Λβ
, x‚y
˘
.
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By Lemma 6.3.1, it restricts further to an equivalence of graded additive categories`
D
7, proj
β , x‚y
˘
Ñ
`
PCohprNr{G
c
rsq
proj
Λβ
, x‚y
˘
which takes the projective cover of Lpπq7 to the projective cover of Lpλπq
7. Therefore, it yields
an equivalence of graded Abelian categories D 7β Ñ PCohprNr{G
c
rsqΛβ as in the theorem. 
Let ˝op denote monoidal structure opposite to ˝. Set E7 “
À
βPQ``
E7β .
Conjecture 6.3.3. The equivalence of graded Abelian categories E7 : D 7 Ñ PCohprN {GcsqΛ`
extends to an equivalence of exact graded monoidal categories pD 7 , ˝q Ñ pPCohprN {GcsqΛ` , ˝
opq.
Remark 6.3.4.
paq From (2.7), Theorem 6.3.2 and the conjecture we deduce that
∆¯pπq7 “ E7p∆¯pπq7q “ pLpβ0q
7q˝p0 ˝ ¨ ¨ ¨ ˝ pLpβlq
7q˝pl x
lÿ
k“0
pkppk ´ 1q{2y
for any Kostant partition π “ ppβlq
pl , . . . , pβ1q
p1 , pβ0q
p0q in Γβ. This is precisely the
formula (5.1). So, the isomorphism ∆¯pπq7 “ E7p∆¯pπq7q is a weak form of monoidality
of the functor E7.
pbq By [40, §24], [49] the A-module isomorphism G0pC
flq “ Aqpnq maps the proper standard
modules and the simple ones to the elements of the dual PBW basis and the dual
canonical basis respectively. More precisely, if π “ ppβlq
pl , . . . , pβ1q
p1 , pβ0q
p0q it maps
the graded module ∆¯pπq to the element
E˚pπq “ q
řl
k“0 pkppk´1q{2E˚pβlq
pl ¨ ¨ ¨E˚pβ2q
p2E˚pβ1q
p1 .
pcq We expect that the functor E “
À
βPQ``
Eβ in Conjecture 5.2.3 extends also to an
equivalence of exact graded monoidal categories pD , ˝q Ñ pPCohprg{GcsqΛ` , ˝
opq.
6.4. Perverse coherent sheaves on the affine Grassmannian. Fix a positive integer
N . Consider the element w “ ps0s1q
N in the Weyl group of the affine root system Φ, hence
Φ` X wp´Φ`q “ tβ0, β1, . . . , β2N´1u.
Let Cflw be the graded monoidal full subcategory of C
fl generated by Lpβ0q, Lpβ1q, . . . , Lpβ2N´1q.
The quantum unipotent coordinate algebra Aqpnpwqq is the A-subalgebra of Aqpnq generated
by the dual root vectors E˚pβ0q, E
˚pβ1q, . . . , E
˚pβ2N´1q. The graded monoidal category C
fl
w
is a categorification of Aqpnpwqq. The quantum open unipotent cell Aqpn
wq is a localization of
Aqpnpwqq. In [24] a localization rCflw of the category Cflw is introduced. It is a graded monoidal
category. It is proved there that rCflw categorifies Aqpnwq.
From now on, let Gr denote the affine Grassmannian of GN over k. We define O “ krrtss
and GcN pOq “ GLN pOq ¸Gm,k. The multiplication in G
c
N pOq is given by
p1, zq ¨ pgptq, 1q “ pgpz4tq, 1q.
The group GcN pOq acts on Gr so that the subgroup Gm,k is the 4-fold cover of the loop
rotation. Let DbCohprGr{GcN pOqsq be the derived category of G
c
N pOq-equivariant coherent
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sheaves on Gr. It is a 12Z-graded triangulated category with the grading shift functors such
that x´1{2y is the tensor product with the tautological 1-dimensional Gm-module (of weight
1). In other words q “ x1y corresponds to shifting the weight by -1 with respect to the double
cover of loop rotation. Let PCohprGr{GcN pOqsq be the heart of the perverse t-structure in
DbCohprGr{GcN pOqsq. We equip both categories with the convolution product f denoted by
the symbol ˚ in [13] or [16]. This yields an exact graded monoidal category`
PCohprGr{GcN pOqsq , f
˘
.(6.10)
For each integer r ě 0, we set αr “ Nα0`rδ and Grαr “ Grrω1 . Consider the G
c
r-invariant
open subset Nαr Ă Nr consisting of all nilpotent r by r matrices with at most N Jordan
blocks. We define the graded categories
PCohprGr`{G
c
N pOqsq “
à
rą0
PCohprGrαr{G
c
N pOqsq,
PCohprN {Gcsq “
à
rą0
PCohprNr{G
c
rsq.
The graded shift functors are defined above and in §5.1. The GN pOq-orbit Grωr in Gr is
Grωr “ tL Ă L0 ; tL0 Ă L , dimpL0{Lq “ ru.
Its dimension is dωr “ rpN ´ rq. Let detωr “
ŹrpL0{Lq be the determinant bundle over
Grωr . Let iωr be the embedding of Grωr in Gr. Consider the object of PCohprGr{G
c
N pOqsq
given by
Pr,ℓ “ piωrq˚pdetωrq
bℓrdωr{2sx´dωr{2´ rℓy , @r P r1, N s , @ℓ P Z.
Proposition 6.4.1 ( [18]).
paq There is a flat stack homomorphism ψr : rGrαr{G
c
N pOqs Ñ rNαr{G
c
rs.
pbq Set dr “ rpN ´ 1q{2. The triangulated functor
Ψr “ ψ
˚
r rdrsxdry : D
bCohprNαr{G
c
rsq Ñ D
bCohprGrαr{G
c
N pOqsq
is graded and t-exact with respect to the perverse t-structures of both sides
pcq Composing Ψr with the restriction to the open subset Nαr Ă Nr and taking the sum
over all r ą 0, we get a graded monoidal functor Ψ` yielding the following commutative
diagram of Abelian graded monoidal categories
PCohprN {GcsqΛ`
Ψ

  i // PCohprN {Gcsq
Ψ`

PCohprGr{GcN pOqsq PCohprGr`{G
c
N pOqsq
? _
joo
such that, for each k in r0, 2N ´ 1s Ă N “ Λ`1 , we have ΨE
7pLpβkq
7q “ ΨpLpkq7q “
P1,N´kx´1{2y.
Proof. Part (a) is [18, lem. 4.9]. Part (b) is [18, prop. 4.12]. Part (c) is proved as [18,
lem. 4.15]. The functors i, j are the obvious inclusions. The functor i is a monoidal functor,
relatively to the monoidal structure ˝. The functor j is a monoidal functor, relatively to the
monoidal structure f. 
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We equip the A-modules G0pD
7q and G0pC
flq with the multiplications given by the exact
bifunctor ˝. Let AqpnqΛ` be the A-subalgebra of Aqpnq generated by the dual root vectors
Epβq˚ with β P Φ``. We have G0pC
flq “ Aqpnq and G0pD
7q “ AqpnqΛ` . Consider the graded
monoidal Serre subcategory of D7 given by D7w “ Cflw X D
7. We have G0pD
7
wq “ Aqpnpwqq.
The equivalence E7 : D 7 Ñ PCohprN {GcsqΛ` gives an A-module isomorphism
AqpnqΛ` Ñ G0pPCohprN {G
csqΛ`q.
This isomorphism identifies the elements of the dual PBW basis and the dual canonical
basis of AqpnqΛ` with the classes of the proper standard modules and the simple ones in
PCohprN {GcsqΛ` respectively.
Let DpwΛi,Λiq, i “ 0, 1, be the unipotent quantum minors inAqpnq. See, e.g., [23, def. 1.5]
for the notation. They belong to Aqpnpwqq. By [23, §4], there are unique simple self-
dual objects MpwΛi,Λiq, i “ 0, 1 in C
fl
w such that the isomorphism G0pC
fl
wq “ Aqpnpwqq
identifies the class of MpwΛi,Λiq with Di. We abbreviate Ci “ MpwΛi,Λiq. With the
terminology in [24], the objects C0, C1 are non-degenerate graded braiders. Let rCflw be the
localization of the graded monoidal category Cflw by C0, C1. It is an exact graded monoidal
category. We abbreviate rCflw “ Cflw rpC0q˝´1 , pC1q˝´1s. Since the modules C0, C1 are simple
and G0pD
7
wq “ G0pC
fl
wq, they belong to the subcategory D
7
w. Let rD7w be the localization of
the graded monoidal category D7w by C0, C1, i.e., we setrD7w “ D7wrpC0q˝´1 , pC1q˝´1s.
It is an exact graded monoidal category.
Composing the functors E7, Ψ and the inclusion D7w Ă D7, we get a graded functor
Ψw : D
7
w Ñ PCohprGr{G
c
N pOqsq.
By [16], we have ΨwpCiq “ PN,1´i for i “ 0, 1. In particular, both objects ΨwpC0q and ΨwpC1q
are invertible in the monoidal category (6.10). Now, assume that Conjecture 6.3.3 holds.
Then, the functor Ψw is graded monoidal. Thus, the universal property in [24, thm. 2.7]
yields a commutative triangle of exact monoidal functors
D7w
Υ //
Ψw ''❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
rD7w
rΨw

PCohprGr{GcN pOqsq
Conjecture 6.4.2. The functor rΨw is a graded monoidal equivalence` rD7w , ˝˘Ñ `PCohprGr{GcN pOqsq , f˘.
The functor rΨw is exact by definition. Since G0pD7wq “ G0pCflwq, we have G0p rD7wq “
G0prCflwq “ Aqpnwq. By [16] we have Aqpnwq “ G0pPCohprGr{GcN pOqsqq. Hence, taking the
Grothendieck groups, the functor rΨw yields a group homomorphism
G0p rD7wq Ñ G0pPCohprGr{GcN pOqsqq
which is invertible. Now, recall that if F : A Ñ B is an exact functor of Abelian Artinian
categories such that the induced map G0pAq Ñ G0pBq is injective, then F is faithful. We
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deduce that rΨw is a faithful functor. To prove the conjecture we must prove that the functorrΨw is full.
Appendix A. Reminders on Artin stacks and mixed geometry
A.1. Schemes and stacks. Let k “ Qℓ and F be any field of characteristic prime to ℓ. All
F -schemes are assumed to be separated. An Artin F -stack is a stack over the category of
affine F -schemes with a smooth atlas and a representable, quasi-compact, quasi-separated
diagonal. Given any algebraic F -space Z with an action of an affine algebraic F -group G,
the quotient F -stack rZ{Gs is the Artin stack whose set of R-points consists of G-torsors
on SpecR with G-equivariant map to Z. A locally quotient stack is an Artin stack which is
locally equivalent to a quotient stack.
Let Z be an Artin F -stack of finite type. Let DbpZq be the bounded constructible derived
category of e´tale sheaves of k-modules on Z, in the sense of [34]. Let PpZq be the subcategory
of perverse sheaves. For each complex E P DbpZq and each integer a, let pHaE P PpZq be the
a-th perverse cohomology complex. Let CpZq Ă DbpZq be the additive full subcategory of
semisimple complexes.
Let Z be an F -scheme of finite type with an action of an affine algebraic F -group G. Let
DbGpZq denote the G-equivariant derived category of complexes of e´tale sheaves of k-vector
spaces on Z with bounded constructible cohomology, in the sense of Bernstein-Lunts [10].
The triangulated category DbGpZq depends only on the quotient stack rZ {Gs, and not on the
action groupoid tG ˆ Z Ñ Zu representing it. It is equivalent to the triangulated category
DbprZ {Gsq.
By a stratification S “ tZw ; w P W u of an F -scheme of finite type Z we’ll mean a finite
algebraic Whitney stratification. Let DbpZ,Sq Ă DbpZq be the full subcategory whose objects
have constructible cohomology with respect to S. We write PpZ,Sq “ PpZq XDbpZ,Sq and
CpZ,Sq “ CpZq XDbpZ,Sq.
Unless specified otherwise, we’ll assume that Z is the quotient stack rZ {Gs of an F -
scheme Z of finite type by the action of an affine algebraic F -group G with a finite number
of orbits. Then, the G-orbits define a stratification S of Z and the categories PpZq, CpZq
are G-equivariant analogues of the categories PpZ,Sq, CpZ,Sq. Let For : DbpZq Ñ DbpZ,Sq
be the forgetful functor. The categories CpZq and CpZ,Sq are graded. The category grading
is given by the cohomological shift functor, i.e., we set
x‚y “ r‚s.(A.1)
A.2. Mixed complexes. From now on we assume that F is the algebraic closure of a finite
field F0 of characteristic prime to ℓ. We’ll use the following convention : objects over F0
are denoted with a subscript 0, and suppression of the subscript means passing to F by
extension of scalars. For instance, we may write Z “ F bF0 Z0 for some F0-scheme Z0.
Then, we’ll assume that the stratification S of Z is the extension of scalars of a stratification
tZw,0 ; w P W u of Z0. Let D
b
mpZ0q be the full triangulated subcategory of mixed complexes
in DbpZ0q. The extension of scalars yields a triangulated t-exact functor
ω : DbmpZ0q Ñ D
bpZq.
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We may write a mixed complex with a subscript ‚m, and abbreviate E “ ωpEmq. Let
DbmpZ0, Sq be the full triangulated subcategory of D
b
mpZ0q such that D
b
mpZ0, Sq “ ω
´1DbpZ0, Sq.
Let PmpZ0, Sq be the category of mixed perverse sheaves in D
b
mpZ0, Sq. Recall that Z is an
F -stack of the form Z “ rZ {Gs. Assume further that Z is isomorphic to F bF0 Z0, with
Z0 “ rZ0 {G0s and some affine algebraic F0-group G0 such that G “ F bF0 G0. Let D
b
mpZ0q
be the full triangulated subcategory of mixed complexes in DbpZ0q. See [34] and [47] for the
definition and the basic properties of the category DbmpZ0q. Let For : D
b
mpZ0q Ñ D
b
mpZ0, Sq
be the forgetful functor. For each integer w, we consider the full subcategories DbďwpZ0q,
DběwpZ0q of D
b
mpZ0q consisting of the mixed complexes of weight ď w and ě w. The category
of pure complexes of weight w is
DbwpZ0q “ D
b
ďwpZ0q XD
b
ěwpZ0q.
By [7, prop. 5.1.15], we have
HomDbpZ0qpE , Fq “ 0 , @E P D
b
ăwpZ0q , @F P D
b
ąwpZ0q.(A.2)
We also have the following refinement of (A.2)
ωpfq “ 0 , @f P HomDbpZ0qpE ,Fq , @E P D
b
ďwpZ0q , @F P D
b
ąwpZ0q.(A.3)
Let PmpZ0q be the category of mixed perverse sheaves in D
b
mpZ0q. A mixed complex E is pure
of weight w, ď w or ě w if and only if the perverse sheaf pHaE is pure of weight w`a, ď w`a
or ě w ` a for each a P Z, by [7, thm. 5.4.1]. A mixed perverse sheaf E has a unique finite
increasing weight filtration WaE , a P Z, such that the subquotient Gr
W
a E “ WaE{Wa´1E is
a pure mixed perverse sheaf of weight a, which may not be semisimple, see [7, thm. 5.3.5].
Proposition A.2.1. For each E P DbmpZ0q and w P Z, there is a distinguished triangle
// Eďw // E // Eąw , Eďw P D
b
ďwpZ0q , Eąw P D
b
ąwpZ0q(A.4)
such that Eěw “ 0, Eě´w “ E if w ąą 0, and
paq there is a distinguished triangle
// Ew // Eěw // Eąw , Ew “ pEěwqďw P D
b
wpZ0q,
pbq the long exact sequence of perverse cohomologies splits into short exact sequences
0 // pHaEďw //
pHaE // pHaEąw // 0 , @a P Z.
Proof. Any perverse sheaf in PmpZ0q has a finite length. The construction of Eďw, Eąw
is by induction on the total length of E , i.e., on the sum of the lengths of the perverse
sheaves pHaE , following the lines of [2, lem. 6.7]. Given w, let a be the smallest integer such
that the subobject Ww`ap
pHaEq of pHaE is ‰ 0. Set G “ Ww`ap
pHaEqr´as. The inclusion
G Ă pHaEr´as factors to a distinguished triangle
// G
f // E // F ,(A.5)
see [2, (6.8)] for details, such that pHbG “ 0 for all b ‰ a and
0 // pHbG // pHbE // pHbF // 0 , @b P Z.(A.6)
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Hence F has a lower total length than E , and induction yields a distinguished triangle
// Fďw // F // Fąw , Fďw P D
b
ďwpZ0q , Fąw P D
b
ąwpZ0q.(A.7)
From (A.5), (A.7) and [7, lem. 1.3.10], we get distinguished triangles
// H // E // Fąw , // G // H // Fďw , H P D
b
ďwpZ0q.(A.8)
Set Eďw “ H and Eąw “ Fąw. The induction hypothesis yields short exact sequences
0 // pHbFďw //
pHbF // pHbFąw // 0 , @b P Z.(A.9)
From (A.6) and (A.9), we deduce that the long exact sequence
// pHbH // pHbE // pHbFąw //
pHb`1H //
splits into short exact sequences, yielding the condition (b). Since HomDbpZ0qpEăw , Eąwq “ 0
by (A.2), the map E Ñ Eąw factors to a morphism Eěw Ñ Eąw. Completing this morphism
to a distinguished triangle yields the claim (a). 
For any mixed complexes E , F on Z0, we write
Hom‚
DbpZ0q
pE ,Fq “
à
aPZ
Homa
DbpZ0q
pE ,Fqr´as , Homa
DbpZ0q
pE ,Fq “ HomDbpZ0qpE ,Frasq.
Let a : Z0 Ñ SpecF0 be the structure map. We define the geometric Hom functor by
Hom‚
DbpZ0q
pE ,Fq “ a˚RHomDbpZ0qpE ,Fq.
It is a mixed complex on SpecF0. We define
Homa
DbpZ0q
pE ,Fq “ HapHom‚
DbpZ0q
pE ,Fqq.
It is a mixed vector space consisting of a graded k-vector space
ωHoma
DbpZ0q
pE ,Fq “ Homa
DbpZq
pωE , ωFq
and a Frobenius operator Fr. We abbreviate
H‚pZ0, Eq “ Hom
‚
DbpZ0q
pkZ0 , Eq.
A.3. Even stratifications, mixed categories and parity sheaves. Let kw denote the
mixed constant sheaf in DbpZw,0q which is pure of weight 0. Let iw be the locally closed
embedding of the stratum Zw Ă Z. Set dimZw “ dw. Let kw “ kZw be the constant sheaf
on Zw. We define the following objects in D
bpZ,Sq
∆pwq “ piwq!kwrdws , ∇pwq “ piwq˚kwrdws , ICpwq “ piwq!˚kwrdws.(A.10)
Fix a square root of the Tate sheaf. For each a P Z let pa{2q be the twist by the ath power
of this square root. We abbreviate
x‚y “ p‚{2qr‚s.(A.11)
We define the following mixed complexes in DbmpZ0, Sq
∆pwqm “ piwq!kwxdwy , ∇pwqm “ piwq˚kwxdwy , ICpwqm “ piwq!˚kwxdwy.(A.12)
COHERENT CATEGORIFICATION OF QUANTUM LOOP ALGEBRAS : THE SLp2q CASE 53
Let Db♦,mpZ0, Sq Ă D
b
mpZ0, Sq and P♦,mpZ0, Sq Ă PmpZ0, Sq be the full triangulated subcate-
gory and the Serre subcategory generated by the set of objects tICpwqmpa{2q ; w P W , a P
Zu. The triangulated category Db♦,mpZ0, Sq has a t-structure whose heart is P♦,mpZ0, Sq.
Definition A.3.1. The stratification S is
paq affine if each stratum is isomorphic to an affine space,
pbq even affine if
p1q S is affine,
p2q Happiuq
˚ICpvqmq “ 0 for all u, v PW , a P Z with a` dv odd,
p3q Happiuq
˚ICpvqmq is a sum of copies of kup´a{2q if a` dv is even,
pcq even if
p4q there is an even affine stratification T of Z which refines S,
p5q the strata of S are connected and simply connected.
pdq good if S is even affine and satisfies the conditions [50, §4.1(a)-(d)].
Since ICpvqm is Verdier self-dual and Zu is smooth by (1), the conditions (2) and (3) are
equivalent to the following conditions
p6q Happiuq
!ICpvqmq “ 0 for all u, v PW , a P Z with a` dv odd,
p7q Happiuq
!ICpvqmq is a sum of copies of kupa{2q if a` dv is even.
The conditions (2), (6) imply that the complex ICpvq is a parity sheaf of DbpZ,Sq in the
sense of [20]. The conditions (3), (7) imply that the complex ICpvq is very pure in the sense
of [14, def. 3.1.2]. They tell us in addition that the mixed vector spaces Happiuq
˚ICpvqmq
and Happiuq
!ICpvqmq are semisimple.
If the stratification S is even, and T is an even affine stratification which refines S, then
there is a full embedding of triangulated categories
DbpZ,Sq Ă DbpZ, T q , Db♦,mpZ0, Sq Ă D
b
♦,mpZ0, T q.
Since each stratum of S contains a unique dense stratum of T , there is a full embedding of
additive categories
PpZ,Sq Ă PpZ, T q , P♦,mpZ0, Sq Ă P♦,mpZ0, T q.
Definition A.3.2.
paq CmpZ0, Sq Ă D
b
♦,mpZ0, Sq is the full subcategory of all mixed complexes which are iso-
morphic to finite direct sums of objects in tICpwqmxay ; w P W , a P Zu. It is a graded
additive category with the graded shift functor x‚y in (A.11).
pbq DbµpZ,Sq “ K
bpCmpZ0, Sqq as a graded triangulated category with the graded shift functor
x‚y in (A.11).
pcq PµpZ,Sq Ă P♦,mpZ0, Sq is the full subcategory of all mixed perverse sheaves E such that
GrW‚ E is semisimple. It is a graded Abelian category for the Tate shift functor p‚{2q.
Proposition A.3.3. Assume that the stratification S is even.
paq DbµpZ,Sq has a t-structure and a triangulated t-exact faithful functor
ι : DbµpZ,Sq Ñ D
b
♦,mpZ0, Sq.
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The heart of DbµpZ,Sq is equivalent to PµpZ,Sq and the restriction of ι to this heart is
the full embedding PµpZ,Sq Ă P♦,mpZ0, Sq.
pbq ζ “ ω ˝ ι is a t-exact functor DbµpZ,Sq Ñ D
bpZ,Sq such thatà
aPZ
HomDbµpZqpE , Fpa{2qq “ HomDbpZqpζE , ζFq , @E ,F P D
b
µpZ,Sq.
pcq For any inclusion h : Y Ñ Z of a union of strata of S, the functors h˚, h!, h
˚, h!
between the categories DbmpY0, Sq and D
b
mpZ0, Sq lift to triangulated functors between the
categories DbµpY, Sq and D
b
µpZ,Sq which satisfy the usual adjointness properties.
Proof. Part (a) is proved in [2, §7.2], [2, prop. 7.5(1),(2)]. Part (b) is proved in [2, prop. 7.5(2)].
Part (c) is [2, thm. 9.5]. 
Assume that the stratification S is even. We have the graded additive category pCpZ,Sq , x‚y q
such that x‚y is as in (A.1), and the graded additive category pCmpZ0, Sq , x‚y q such that x‚y
is as in (A.11).
Proposition A.3.4. Assume that the stratification S is even.
paq Hom‚
DbµpZq
pE , Fq “ Hom‚
DbpZ0q
pιE , ιFqFr for each E ,F P DbµpZ,Sq.
pbq Hom‚
DbµpZq
pE , Fq “ Hom‚
DbpZ0q
pιE , ιFq for each E ,F P CmpZ0, Sq.
pcq ζ : pCmpZ0, Sq , x‚y q Ñ pCpZ,Sq , x‚y q is an equivalence of graded additive categories.
Proof. Due to the full embedding DbpZ0, Sq Ă D
bpZ0, T q for each affine refinement T of S,
we can assume that S is even affine. Part (a) follows from [2, lem. 7.8], which also implies
that the mixed complex Hom‚
DbpZ0q
pιE , ιFq is semisimple for each objects E ,F P DbµpZ,Sq.
Hence, for each a, b P Z, we have
Homa
DbµpZq
pE , Fpb{2qq “ pHoma
DbpZ0q
pιE , ιFqpb{2qqFr,(A.13)
and to prove (b) it is enough to check that Hom‚
DbpZ0q
pιE , ιFq is pure of weight 0 whenever
E ,F P CmpZ0, Sq. The mixed Abelian category PµpZ,Sq is Koszul by [8, thm. 4.4.4]. Hence,
if E ,F P PµpZ,Sq are pure of weight zero, we have
b ‰ a ùñ Homa
DbµpZ,Sq
pE , Fpb{2qq “ 0.(A.14)
So, the mixed vector space Homa
DbpZ0q
pιE , ιFq is pure of weight a, so the mixed complex
Hom‚
DbpZ0q
pιE , ιFq is pure of weight 0, proving (b) because any object of CmpZ0, Sq is a
sum of ICpwqmxay’s. Part (c) follows from (A.14) and Proposition A.3.3, since for any
E ,F P CmpZ0, Sq we have
HomDbµpZqpE , Fq “
à
aPZ
HomDbµpZqpE , Fpa{2qq “ HomDbpZqpζE , ζFq.

For each w P W , let ICpwqµ be ICpwqm viewed as an object of D
b
µpZ,Sq. Assume that
the stratification S is even. By Proposition A.3.4, we have DbµpZ,Sq “ K
bpCpZ,Sqq. This
identification takes ICpwqµ to ICpwq. The grading K
bpCpZ,Sqq is given by the shift functor
x‚y on CpZ,Sq in (A.1).
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We define the equivariant mixed category of the stack Z “ rZ {Gs by DbµpZq “ K
bpCpZqq.
Let S be the stratification by the G-orbits. We have the forgetful functor For : DbµpZq Ñ
DbµpZ,Sq. We do not know any equivariant analogue of Proposition A.3.4. However, the
following holds, see e.g. [14, lem. 3.1.5].
Proposition A.3.5. Assume that the G0-orbits in Z0 are affine. If E ,F P D
b
mpZ0q are very
pure of weight 0, then the mixed complex Hom‚
DbpZ0q
pE ,Fq in D`pSpecF0q is pure of weight
0 and it is free of finite rank as an H‚G-module. 
Remark A.3.6.
paq Let S be any stratification of Z. The category CpZ,Sq has split idempotents, and the
Verdier duality D yields an equivalence CpZ,Sq » CpZ,Sqop. Let L P CpZ,Sq be a
graded-generator. Set R “ End‚
DbpZ,Sq
pLqop. The functor E ÞÑ Hom‚
DbpZ,Sq
pL , Eq gives
an equivalence of graded additive categories CpZ,Sq Ñ R-proj. Taking the homotopy
categories, we get a graded triangulated equivalence KbpCpZ,Sqq Ñ DperfpRq.
pbq If h : Y Ñ Z is a closed embedding then the functor h! “ h˚ : D
b
µpY q Ñ D
b
µpZq in
Proposition A.3.3 is given by restricting the functor h! “ h˚ : D
bpY q Ñ DbpZq to
CpY q Ñ CpZq and taking the homotopy categories. If h : Y Ñ Z is an open embedding
then the functor h! “ h˚ is defined in a similar way. We do not know any equivariant
analogue of Proposition A.3.3 which would yield functors h˚, h!, h
˚, h! between the
categories DbµpYq and D
b
µpZq for any inclusion h : Y Ñ Z of a union of strata. However
the functors h˚ “ h! are well defined in the equivariant case if h is a closed embedding,
so are h˚ “ h! if h is an open embedding.
pcq If the stratification S is even then the set tICpwqras ; w P W , a P Zu is a complete
and irredundant set of indecomposable objects of CpZ,Sq. It is also a complete and
irredundant set of parity sheaves of DbpZ,Sq in the sense of [20].
pdq A triangulated functor φm : D
b
♦,mpY0q Ñ D
b
♦,mpZ0q is geometric if there is a triangulated
functor φ : DbpY q Ñ DbpZq with a natural isomorphism φω ñ ω φm. It is genuine if
it is geometric and there is a triangulated functor φµ : D
b
µpY q Ñ D
b
µpZq with a natural
isomorphism φ ιñ ι φµ.
peq Let T , V be even affine refinements of even stratifications S, U of F0-schemes Y0, Z0.
By [2, lem. 7.12], there are full embedding of triangulated categories Db♦,mpY0, Sq Ă
Db♦,mpY0, T q and D
b
♦,mpZ0, Uq Ă D
b
♦,mpZ0, V q. By [2, lem. 7.21], the restriction of a
genuine functor Db♦,mpY0, T q Ñ D
b
♦,mpZ0, V q that takes D
b
♦,mpY0, Sq into D
b
♦,mpZ0, Uq, is
a genuine functor Db♦,mpY0, Sq Ñ D
b
♦,mpZ0, Uq.
pfq By Proposition A.3.3, if the stratification S is even we may view DbµpZ,Sq as a (non
full) subcategory of Db♦,mpZ0, Sq consisting of objects whose stalks carry a semisimple
action of the Frobenius.
pgq Any object E of CmpZ0, Sq is semisimple and pure of weight 0, that is E »
À
a
pHapEqr´as
where each mixed perverse sheaf pHapEq is pure of weight a.
phq An even stratification S is called affable in [2, def. 7.2]. Then, the category Db♦,mpZ0, Sq
is the same as DWeilS pZ0q in [2, §6.1]. If S is even affine, then D
b
♦,mpZ0, Sq is the category
D♦,mpZ0q in [50, §2.1].
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A.4. Even affine stratifications, projective and tilting objects. Assume that the
stratification S is even affine. The objects ∆pwqm and ∇pwqm have canonical lifts ∆pwqµ
and ∇pwqµ in PµpZ,Sq by Proposition A.3.3. We have
ιICpwqµ “ ICpwqm , ι∆pwqµ “ ∆pwqm , ι∇pwqµ “ ∇pwqm , @w PW.
We equip the triangulated category DbpPµpZ,Sqq with the grading shift functors
x‚y “ p‚{2qr‚s,(A.15)
where p‚{2q is the Tate shift functor on PµpZ,Sq and r‚s is the cohomological shift. By [2,
cor. 7.10], there is an equivalence of graded triangulated categories DbpPµpZ,Sqq Ñ D
b
µpZ,Sq
which identifies the grading shift functors (A.11) and (A.15). We’ll use two refinements of
this equivalence which involve projective and tilting objects of PµpZ,Sq.
Proposition A.4.1. Assume that the stratification S is even affine.
paq PµpZ,Sq, PpZ,Sq have enough projectives and finite cohomological dimension. The
sets of indecomposable objects in PpZ,Sqproj and PµpZ,Sq
proj are tP pwq ; w P W u and
tP pwqµpa{2q ; w P W , a P Zu, where P pwq, P pwqµ are the projective covers of ∆pwq,
∆pwqµ in PpZ,Sq, PµpZ,Sq.
pbq PµpZ,Sq
proj “ ζ´1pPpZ,Sqprojq.
pcq PµpZ,Sq
proj Ă DbµpZ,Sq extends to a graded triangulated equivalence K
bpPµpZ,Sq
projq Ñ
DbµpZ,Sq.
Proof. Part (a) is [2, prop. 7.7(1),(2)], part (b) is [2, prop. 7.7(2)], and part (c) is proved [2,
cor. 7.10, prop. 7.11]. 
Definition A.4.2 ( [9], [50]). Assume that the stratification S is even affine. A mixed
perverse sheaf E P P♦,mpZ0, Sq is tilting if either of the following equivalent conditions hold
paq piwq
˚E and piwq
!E are perverse for each w PW .
pbq E has both a filtration by ∆pwqmpa{2q’s and by ∇pwqmpa{2q’s, with w PW and a P Z.
We define a tilting object in PpZ,Sq in a similar way.
Let PpZ,Sqtilt Ă PpZ,Sq and P♦,mpZ0, Sq
tilt Ă P♦,mpZ0, Sq be the full additive subcate-
gories of tilting objects. Let PµpZ,Sq
tilt Ă PµpZ,Sq be the full subcategory whose objects
are the complexes which map to P♦,mpZ0, Sq
tilt by the functor ι.
Proposition A.4.3. Assume that the stratification S is even affine.
paq For each w P W, there are unique indecomposable objects T pwq, T pwqµ in PpZ,Sq
tilt,
PµpZ,Sq
tilt supported on Xw whose restriction to Xw are kwrdws, kwxdwy respectively.
The sets of indecomposable objects in PpZ,Sqtilt, PµpZ,Sq
tilt are tT pwq ; w P W u and
tT pwqµpa{2q ; w PW , a P Zu.
pbq Assume that the stratification S is good. Then, we have PµpZ,Sq
tilt “ P♦,mpZ0, Sq
tilt.
pcq PµpZ,Sq
tilt “ ζ´1pPpZ,Sqtiltq.
pdq PµpZ,Sq
tilt Ă DbµpZ,Sq extends to a graded triangulated equivalence K
bpPµpZ,Sq
tiltq Ñ
DbµpZ,Sq.
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Proof. Part (a) is [2, prop. 10.3], [9]. Part (b) is [50, §4.2]. Part (c) is obvious. Part (d)
is [2, prop. 10.5]. 
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